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' The plan of extreme subdivision, and the differences of type, are undoubtedly 
calculated to five help to the bei^inner.' Propbssok ob Mokoan. 

*I should think that the mode in which it is printed will be a great assistance 
to beg^inners ; indeed, they can hardly fail to follow the demonstrations in it. if 
they can catch the syllogistic process at all.* Propsssor O. D. Livbing, 
late Secretary to the Syndicate for conducting the Cambridge Local Bxamma' 
tiontt and Examiner in Experimental Philosophy in the Univereity of London. 

* It seems to me to be a very useful book, and exactly adapted for the boys who 
come up for our examinations. 1 trust the teachers too will learn something? 
from it.» Rev. T. J. Potter, M.A., Trinity College, Cambridge, Examiner in 
Mathematict to the College of Preceptors, 
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ment of instruction. The belief is well founded ; and the expedients he has 
adopted are well calculated to remove the difficuTty in question.' Musbum. 

* An attempt is made in this edition of the first four Books of Simson's Euclid 
to make the members of each proposition clear to the eye by the adoption of 
different species of type. In the figures, the parts which are given in the enunci- 
ation are represented by dark lines, and those which are added in the course of 
the demonstration, by dotted Unes. These are decidedly improvements, and will 
probably tend to smooth the course of learners.' Parthbnon. 

* We have much pleasure in strongly recommending this book to all our 
readers. It will be found most serviceable to all who are teaching or learninir 
Euclid. Mr. Isbistbr has availed himself of the labours of those who have 
striven to render the demonstrations clear to the learner, and he has neither 
spoken slightingly of those labours nor ignored his obligations to them. We 
cannot better describe Mr. Isbistbr's Euclid ihtm by saying that to us it appears 
like Mr. Potts's Euclid improved. Without wishing to detract in the slightest 
'firom the merit to which Mr. Isbistbr is entitled for precision of language, we 
candidly state Qur belief that the chief point of superiority of his edition of Euclid 
over others of recent date consists in the technical arrangement. The engraver 
and the printer have proved invaluable auxiliaries to Mr. Isbistbr, who has 
evidently endeavoured to improve upon improvements.^ . Pupil Teacher. 

* The changes i^^trociuced are undoubted improvements.' 
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PBEFACE. 



THERE are few persons engaged in tuition who have not 
experienced the difficulty of teaching Euclid to young 
pupils, more especially to those who have not acquired 
habits of close application, or who have no natural aptitude 
for mathematical studies. One reason for this arises probably 
from the nature of the subject itself, which requires a more 
sustained attention, and a greater concentration of thought and 
power of abstraction, than beginners can ordinarily be induced 
to apply to any subject at the age when the study of Euclid is 
commonly begun in schools. But another, and undoubtedly 
the chief cause of the difficulty, is the absence in the ordinary 
editions of the Elements of those aids to the learner which are 
«o plentifully supplied in every other department of instruction. 

Such assistance it is the special design of the present edition 
to afford, partiy by the use of a peculiar tjrpe in those parts 
of a proposition which require to be distinguished from each 
other, and partiy by a new arrangement of the figures and 
demonstrations, which it is hoped will be ioposA to embody 
some important improvements on the ordinary method of pre 
senting the subject to beginners. The chief features of thus 
arrangement may be summed up as follows : — 

1. Lnmediatdy following the enunciation are given, in each 
case, the 'references,' or elements, of the proposition — the 
definitions, axioms, and previous propositions — on which the 
successive steps of the reasoning depend. These must be tho^ 
• roughly mastered by the pupil ; and they shoiild in all cases 
be required to be written out, or repeated aloud, before ei^bsst 
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the construction or the proof is attempted. Every teacher 
knows how carelessly these references, generally inserted in 
text-books in the margin, or in the body of the proposition, 
are slurred over, or repeated mechanically, without any refer- 
ence to their import, by boys in class, and how confused and 
imperfect is their conception of the reasoning in consequence. 

2. In describing the figures^ thtj parts which are given in 
the enunciation are represented by dark lines, and those which 
are added in the course of the demonstration by dotted lines. 
The 'process of the construction is thus exhibited to the eye, 
and the data and the qucesita of the problem can always be 
distinguished at a glance. . ,. 

3. In the demonstratiotis, fte several steps of the proof are 
arranged in a logical form, by giving the premisses and the 
rconclusion always in separate lines, and in a different type ; 
end, as a further aid Ijo the learner, the enunciations are 
broken into paragraphs, and the demonstrations into corre- 
sponding divisions, wherever the proposition consists of more 
than one ease. 

In this way the constituent parts of a proposition are pre- 
iBented separately, part by part, and the learner, knowing 
exactly where one begins and the other ends, is enabled to 
make himself master of the one before he proceeds to the 
x>ther. . 

The symbolical editions of HiU, Blakelock, and Williams, 
were among the earliest to show the advantages of printing 
separately the parts of a proposition and its demonstration; 
and they have been followed with great success by Mr. Potts 
and other recent writers. The plan adopted by them of prints 
ing every sentence, or part of a sentence, which contains a new 
step in the reasoning, in a sepmreUe fond, has been followed in 
the present edition, but to a greater extent^ and with increased 
distinctness. To avoid the confused appearance produced by 
the lines being scattered irregularly over the page, as in pre- 
vious texts of the * Elements ' on this plan, the lines have 
been printed so as to commence uniformly from the side of 
the page. Every conclusion is what printers technically term 
* indented,* and the applicable part of it -^ that is, the part 
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made use of or referred to in the subsequent reasoning — 
is, to mark its importance, printed in italics. 

The conclusions thus distinguished, or the most important 
of them, if entered in the * Copy-books' prepared for this 
purpose, and published in connexion with this work, will 
supply a kind of Analysis of Euclid, to those who have gone 
through the subject, but who wish at any time, as on the ap- 
proach of an examination, to refresh their memory by a cursory 
re-perusal. To such, the reading of the several steps, and an 
inspection of the figure, will, in most cases, be sufficient to 
recall the complete proof to the mind, without the trouble of 
going over the entire proposition a second time ; and this will 
be a pleasing and most improving exercise, and tend strongly 
to impress not only the proof itself, but also the principle of 
the proof, on the memory. 

Although the text of Dr. Simson has been, in the main, 
adhered to in the present edition, alterations have been made 
wherever there appeared to be any obscurity in the language 
which could be removed by the introduction of a step, or the 
variation or transposition of a sentence. 

As examples of such alteration may be mentioned the 
introduction of an additional figure in prop. 27, book i., and 
the use of a definite form of expression to mark the distinction 
in indirect demonstrations between a conclusion true in itself 
and one correctly deduced, but from an incorrect hypothesis. 
In the former case, the conclusion is expressed in the ordinary 
way ; in the latter, the word * assumed ' is employed in the 
premiss, and the word * must ' in the conclusion, to indicate 
that the reasoning proceeds on a false assumption, although the 
reasoning itself is correct. This distinction, it is believed, 
will be found of considerable practical importance in teaching 
Euclid to young students. 

A. E. ISBISTER. 
8tationeb8* School: 
August 1, 1862. 
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BOOK L 

DEFINITIONS, 

I. 

A POINT is that irliicli haih no parts, or wliich bath no magnitude. 

^ A line is length without breadth. 

in. 

The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme poiuts. 

V. 

A superficies is that which hath only length and breadth. 

VI. 

The extremities of a superficies are lines. 

VIL 

A plane superficies is that in which any two pointy being taken, the 
straight line between them lies wholly in that siiperficies. 
t . VIIL 

A plane angle is the inclination of two lines to one another in a 
plane, which meet together, but are not in the same direction. 

ix. 

A plane rectilineal angle is ^ 
the inclination of two straight 
lines to one another, which 
meet together, but are not in 
the same straight line. B 
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N.B. — When several angles are at one point B, any one of them 
is expressed hy three letters, of which the letter that is at the vertex of 
the angle, that is, at the point in which the straight lines containing the 
angle meet one another, is pat between the other two letters, and one of 
these two is somewhere upon one of those straight lines, and the other 
upon the other line : Thus the angle which is contained by the straight 
lines, AB, CB, is named the angle ABC, or CBA ; that which is con- 
tained by AB, DB, is named the angle ABD, or DBA ; and that which 
is contained by DB, OB, is called the angle DBC, or CBD ; but, if 
there be only one angle at a point, it may be expressed by a letter 
placed at that point : as the angle at £. 

When a straight line standing on another straight 
line makes the adjacent angles equal to one another, 
each of the angles is called a right angle ; and the 
straight line which stands on the other is called a 
perpendicular to it. 

XL 

An obtuse angle is that which is greater than 
a right angle. 



XIL 

An acute angle is that which is less than a right 
angle. 

XIII. 
A term or boundary is the extremity of any thing. 

XIV. 

A figure is that which is enclosed by one or more boundaries. 

XV. 

A circle is a plane figure contained by one line, which 
is called the circumference, and is such that all straight 
lines drawn from a certain point within the figure to the 
circumference are equal to one another. 

XVL 

And this point is called the centre of the circle. 

XVIL 

A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circum- 
ference. 
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XVIII. 

A semicircle is the figure contained by a diameter and the part of the 
circumference '<$ut off by the diameter. 

xix: 

A segment of a circle is the figure contained by a 
straight line, and the circumference it cats off. 



XX. 

Rectilineal figures are those which are contuned by straight lines. 

XXI. 
Trilateral figures, or triangles, by three straight lines. 

XXIL 

Quadrilateral, by four straight lines. 

XXIII. 
Multilateral figures, or polygons, by more tiian four straight lines 

XXIV. 

Of three-sided figures, an equilateral triangle is that 
which has three eqoAl sides. 

XXV. 

' An isosceles triangle, is that which has only two sides 
equal. 

XXVI. 
A scalene triangle, is that which has three unequal sides. 

XXVII. 

A right-angled triangle, is that which has a right, 
angle 

XXVIIl. 

An obtuse-angled triangle, is that which has an 
obtuse angle. 

XXIX. 

An acute^angled triangle, is that which has three acute 
angles. 

B2 
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XXX. 

Of four-sided figures, a square is that whicli has all its 
sides equal, and all its angles right angles. 

XXXL 

An ohlong, is that which has all its angles right angles, 
hut has not ail its sides equal. 

XXXIL 



A rhomhos, is that which has all its sides equal, but 
its angles are not right angles. 

XXXIIL 

A rhomboid, is that which has its opposite sides equal 
to one another, but all its sides are not equal, nor its 
angles right angles. 

XXXIV. 

All other four-sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines, are such as are in the same plane, and which 
being produced ever so far both wajs do not meet 



POSTULATES. 

L 

Let it be granted that a straight line may be drawn from any one 
point to any other point. 

IL 

That a terminated straight line may be produced to any length in a 
straight line. 

III. 

And that a circle may be described from any centre, at any distance 
from that centre. 
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AXIOMS. 

L 

Things which are equal to the same things are equal to one another. 

II. 
If equals he added to equals, the irholes are eqoaL 

III. 
If equals he taken from equals, the renuunders are equal. 

IV. 
If equals he added to unequals, the wholes are unequal. 

V. 
If equals he taken from unequals, the remainders are unequaL 

VI. 

tThings which are douhle of the same, are equal to one another. 

VII. 

Things which are halves of the same, are equal to one another. 

VIII. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 
The whole is greater than its part. 

X. 

Two straight lines cannot inclose a space. 

XI. 
All right angles are equal to one another. 

XII. 

' If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it, taken together, less than two right 
angles, these straight lines heing continually produced, shall at length 
meet upon that side on which are the angles which are less than two 
right angles.' 
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PROP. I.— Problem. 

To describe an equilatercU triangle upon a given finite straight line, 

♦(References — Def. 16; ax. 1 j post 1, 3.) 

Jjct AB be the giren straight line. 

It is required to describe on AB an equilateral triangle. 

^ C 



\ 




\ 
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CONSTRUCTION 

From the centre A, at the distance AB, describe the circle BCD; 
(post. 3) 

from the centre B, at the distance BA, describe the circle ACE ; 

and from the point C, in which the circles cut one another, draw the 
straight lines CA, CB, to the points A, B. (post 1.) 
Tlien ABC sball be an equilateral triangle. 

DEMONSTRATION 

Because the point A is the centre of the circle BCD, 

thertfore AC is equal to AB ; (def. 15) 
and because the point B is the centre of the circle ACE, 

therefore BC is equal to BA. 
But it has been proved that CA is equal to AB ; 

therefore CA, CB are each of them equal to AB ; 
but things whicli are equal to the same thing are equal to one another; 

(ax. 1) 

therefore CA is equal to CB ; 

wherefore C A, AB, BC, are equal to one another ; 

and tlie triangle A8C is tHerefore eqnilaterali 
and it is described upon the given straight line AB. 

Which was required to be done. 



PROP. IL» Problem. 
From a given point to draw a straight line equal to a given straight line, 
(References — Prop, l 1 ; post 1, 2, 3 ; ax. 1, 3 ; def. 15.) 
* To be written out, or repeated to the Teacher. 
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Let A be th« giveu point, and BC the given straight line. 
It is required to draw from A. a straight line equal to BC. 

/ H \ 



IF 



I 
CONSTRUCTION 

From the point A to B draw the straight line AB ; (post i.) 

upon AB describe the equilateral triangle DAB, (i. 1) 

and produce the straight lines DA, DB, to E and F ; (post, n.) 

from the centre B, at the distance BC, describe the circle CGH» 

(post. 3) 
and from the centre D, at the distance DG, describe the circle GKL. 

Then HA shall 1>e equal to 8C. 

DEMONSTRATION 

Because the point B is the centre of the circle CGH, 

therefore BC is equal to BG ; (def, 15) 
and because D is the centre of the circle GKL 

therefore DL is equal to DG, 
and DA, DB, parts of them, are equal ; 

therefore the remainder AL is equal to the remainder BG. (ax. 3.) 
Bat it has been shown that BC is equal to BG ; 

wherefore AL and BC are each of them equal to BG ; 
and things which are equal to the same thing are equal to one another ; 

therefore the stralgrht line £LJ» Is equal to 8C. (ax. 1.) 
Wherefore from the given point A a straight line AL has been drawa 

equal to the given straight line BC. 

Which was to be done. 



PROP. IIL— Problem. 
From the greater of two given straight lines to cutoff a part equal to the 
Uu. 

(References — Prop. i. 2; de£ 15; post. 3; ax. 1.) 

Let AB and C be the given straight lines, of which AB is greater 



thanC. 
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It is required to cut ofif finom AB the greater, a part equal to C, thi 

less. 









^NSTRUCnOM 

From the point A draw the straight line AD equal to C ; (i. 2) 

and from the centre A, at the distance AD, describe the circle DEF. 

(post 3.) 

Tbea AB tfliall be equal to C» 

DEMONSTRATION 

Because A is the centre of the circle DEF, 

therefore AE is equal to AD ; (def. 16) 
but the straight line C is likewise equal to AD ; (constr.) 

therefore AE and C are each of them equal to AD ; 

wlierefore the straight line AB Is equal to C. (ax. I.) 
And therefore fh>m AB, the greater of two straight lines, a part AE 

has been cut off equal to C, the less. 

Which was to be done. 



PROP. IV.— Theorem 

If two triangles have two sides of the one equal to two sides of the other, 
each to each ; and have likewise the angles contained by these sides equal 
to each other : 

then they shaU likewise have their bases, or third sides, equal; and 
the two triangles shall be eqval ; and their other angles shall be equal, each 
to each, viz. those to which the equal sides are opposite, 

(References— Ax. 8, 10.) 

Let ABC, DEF, be two triangles, which have the two sides AB, AC, 
equal to the two sides, DE, DF, each to each, yiz. AB to DF^, and AC 
toDF; 

and the angle BAC equal to the angle EDF. 
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Tben the base 8C shall be equal to the base 87 1 

and the triangle ABC to the triangrle DZT, 

and the other angrles to which the eqaal sides are oppo- 
site, shall be equal, each to each, viz. the an^le ABC to 
the anffle DSr, and the angrle AC8 to DFB. 




DEMONSTRATION 

For, if the triangle ABC be applied to the triangle DEF, 

80 that the point A may be on D, and the straight line AB upon D£ ; 

because AB Is equal to DE, 

therefore the point B shaU coincide with the point £ ; 

and AB coinciding with DE, 

and the angle BAC being equal to the angle EDF, (hyp.) 

therefore AC ahaU coincide with DF ; 

and because AC is equal to DF, 

wherefore also the point C shaU coincide with the point F. 

But the point B coincides with the point E ; 

wherefore the hose BC shaU coincide with the base EF ; 

because the point B coinciding with £, and C with F, 
if the base BC do not coincide with the base EF, 
two straight lines would inclose a space, which is impossible, (ax. 1 0.) 

Therefore the base BC shall coincide with the base EZ", 
and be equal to it. 

IVherefore the whole triangle ABC shall coinoide with the 
whole triangle DBZ", and be equal to it ; 

and the other angles of the one shall coincide with the remaining 
angles of the other, and be equal to them', viz.: 

the angle ABC to the angle BBT, 
and the angle ACB to the angle BVB. 

Therefore, if two triangles have two sides of the one equal to two sides 
of the other, &c. 

Which was to be detasswsto^^^ 
b3 
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PROP, v.— Theorem. 

The angles at the base of an isosceles tiiangle are equal to one 
another ; 

and if the equal sides be produced, the angles upon the other side of the 
base shall be equal. 

(References — Prop. I. 3, 4 ; ax. 3.) 

Let ABC be an isosceles triangle, of which the side AB is equal to 
AC, 

and let the straight lines AB, AC, be produced to D and E. 

Then fhe angle ABC shall be eqoal to the angle ACS, 
and the angle CSBB to the angle B€«. 




CONSTBUCTION 

In BD take any point F, 

and from AE, the greater, cut off AG equal to AF, the less, (i. 3) 

and join FC, GB. 

DEMONSTRATION 

Because AF is equal to AG ; (constr.) 
and AB to AC ; (hypoth.) 

the two sides FA, AC, are equal to the two G A, AB, each to each, 
and they contain the angle FAG common to the two triangles AFC, 
AGB; 



To assist the learner, the figure maybe drawn so as to exhibit to the eye the triangles 
of which it is compoied, in the following manner : — 
A A 
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therefore the base FC is equal to the base GB, 

and tiie triangle AFC to the triangle A6B; 

and the remaining angles of the one are equal to the remaining 

angles of the other, each to each, to which the equal sides are 

opposite, viz. 
the angle ACF to the angle AB6, 
and the angle AFC to the angle AGB. (i. 4.) 

And hecause the whole AF, is equal to the whole AG, 
of which the parts AB, AC, are equal ; 

the remainder BF shall be equal to the remainder CG ; (ax. 3.) 
and FC was proved to he equal to GB, 
therefore the two sides BF, FC, are equal to the two CG, GB, each to 

each; 
and the angle BFC is equal to the angle CGB, 
and the hase BC is common to the two triangles BFC, CGB; 

wherefore these triangles are equal,. and their remaining angles, 

each to each, to which the equal sides are opposite ; 

therefore the angle FBC is equal to the angle GCB ; 

and the angle BCF is equal to the angle CBG. (l 4.) 

And, since it has heen demonstrated, 

that the whole angle ABG is equal to the whole angle ACF, 

the parts of which, the angles CBG, BCF. are equal ; 

therefore the remainingr anffle ABC Is equal to the 

remainingr angle ACB, 
which are the angrles at the hase of the triangle iLBC. 

And it has heen proved, 

that the angle FBC Is equal to the angle GCB, 
which are the angles upon the other side of the hase. 

Therefore the angles at the hase, &c. Q.E.D. 

Cor. Hence every equilateral triangle is also equiangular. 



PROP. VI.— Theorem. 

If two angles of a triangle be. equal to each other ; 
then the sides also which subtend, or are opposite to, the equal angks 
shall be equal to one another, 

(References — Prop. i. 3, 4.) 
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Let the triangle ABC have the angle ABO equal to the angle ACB. 
Tben the side AM shall be equal to the aide AC 




CONSTRUCTION 

For, if A B be not equal to AC, 

one of them is greater than the other. 

Let AB be the greater ; 

and from it cut off DB equal to AC, the less, (i. 3.) and join DC 

DEMONSTRATION 

Then in the triangles DBC, ACB, 

because DB is assumed to be equal to AC, and BC is common to botli, 
the two sides DB, BC, must be equal to the two AC, CB, each to each $ 
and the angle DBC is equal to the angle ACB ; (hyp.) 

therefore the hdse DC must he equal to the base AB, 

and the triangle DBC to the triangle ACB, (i. 4) 

the less equal to the greater, which is absurd. 

Therefore AB is not unequal to AC, 

that Is AB Is equal to AC 
Wherefore, if two angles, &c. Q.E.Dl 

Cor. Hence every equiangular triangle is also equilateral. 



PROP. VII.— Theorem. 

Upon the same base and on the same side of it^ tJiere cannot be two 
triangles that have their sides which are terminated in one extremity of the 
base equal to each other, and likewise those which are terminated in the 
other extremity. 

(References — Prop. i. 5 ; ax. 9.) 

If it be possible, let there be two triangles, ACB, ADB, upon the 
same base AB, and upon the same side of it, which have their sides 
CA, DA, terminated in the extremity A of the base, equal to one 
another, and likewise their sides CB, DB, that are terminated in B. 
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First. Let the vertex of each of the triangles be withoat the other. 




CONSTRUCTION 

Join the vertices C and D by the straight line CD. 

DEMONSTRATION 

Because, in the triangle AOD, AC is assumed to be equal to AD, 
therefore the angle ACD must be equal to the angle ADC ; (i. 5) 

but the angle ACD is greater than the angle BCD ; (ax. 9) 
therefore the angle ADC must be greater also than BCD ; 
much more then must the angle BDC be greater than the angle BCD. 

Again, because in the triangle BCD, CB is assumed to be equal to 
BD, 

therefore the angle BDC must be equal to the angle BCD ; (i. 5) 
but the angle BDC has been proved to be greater than the angle BCD; 

therefore the angle BDC must be both equal to^ and greater than the 

angle BCD; 
which is impossible. 

Secondly. Let the vertex D of the triangle ADB fall within the 
triangle ACB. 




CONSTRUCTION 

Join the vertices C and D, and produce AC, AD to E, F. 

DEMONSTRATION 

Because in the triangle ACD, AC is assumed to be equal to AD, 
therefore the angles ECD, FDC upon the oilier side of the base CD, 
must be equal to one another; (i. 5) 
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but the angle ECD if greater than the angle BCD ; (ax. 9) 
wherefore the angle FDC most likewise be greater than the angle 
BCD; 
much more then must the angle BDC be greater than the angle BCD. 

Again, because in the triangle BCD, CB is assomed to be equal to 
DB, 

therefore the angle BDC must be equal to the angle BCD ; (i. 5) 
but BDC has been proved to be greater than BCD ; 

wherefore the angle BDC mM»t be both equal to, and greater than, the 

angle BCD ; 
which is impossible. 

Thirdly. Let the vertex of one triangle be upon a side of the other. 




This case needs no demonstration, for it is evident f^m inspection that 

the side AC is greater than its part AD. 
Therefore upon the same base and on the same side of it, &c. 

Q. E. D. 



PROP. VIIL— Theorem. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; 

then the angle which is contained by the two sides of the one shall be 
equal to the angle contained by the two sides equal to them, of the other. 
(References — Prop, l 7 ; ax. 8.) 

Let ABC, DEF be two triangles, having the two sides AB, AC, 
equal to the two sides DE, DF, each to each, viz., AB to D£, and AC 
to DF ;. and also the base BC equal to the base £F. 

Tben the angle BAG sball 1>e equal to tlie angle BDF. 





PROP. IX. J 
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DEMONSTRATION 

For, if tbe triangle ABC be applied to DEF, 

so that the point B be on £, and the straight line BC upon EF ; 

then because BC is equal to EF, (hyp,) 

therefore the point C ahaU coincide with the point F ; 
wherefore BC coinciding with EF, 

B A and AC shall coincide with ED and DF ; 
for if the base BC coincides with the base EF, bat the sides BA, CA 
do not coincide with the sides ED, FD, but have a different situation as 
EG, FG, 

then, upon the same base EF, and upon the same side of it, there can 

be two triangles that have their sides which are terminated in one 

extremity of the base equal to one another, and likewise th^ir sides 

which are terminated in the other extremity ; 
but this is impossible, (l 7.) 
Therefore, if the base BC coincides with the base EF, 

the sides BA, AC, cannot but coincide with the sides ED, DF ; 

wlierefore tbe angle 8 AC coincides witb the angle EDr« 
and is eqnal to it. (ax. 8.) 
Therefore, if two triangles, &c. Q. E. D. 



PROP. IX.— Problem. 

To bisect a given rectilineal angle, that is, to divide it into two equal 
angles. 

■ (References — Prop. i. 1, 3, 8.) 

Let the angle BAC be the given rectilineal angle. 
• It is required to bisect it 

A 




CONSTRUCTION 

Take any point !D in AB, 

from AC cut off AE equal to AD, (i. 3) and Join D^\ 



16 , THB SCHOOL EUCUII, [BOOK Z. 

npon the side of it opposite to A, describe the equilateral triangle DEF, 
(i. 1) and join AF. 
Tben file stralgrlit line A7 biaeots the angle BAG. 

DEMONSTRATION 

Because AD is equal to AE, (constr.) 

and AF is common to the two triangles DAF, EAF; 

the two sides DA, AF, are equal to the two sides £ A, AF, each to each ; 

and the base DF is equal to the base EF ; (constr.) 

therefore the angle DAF rs equal to the angle EAF. (i. 8.) 
Wlierefore tbe given reetllineal angle BAC U bUeeted by 
the line AF. Q. E. F 



PROP. X. — Problem. 

To bisect a given finite straight line, that is, to divide it into two equal 
parts, 

(References — Prop, l 1, 4, 9.) 

Let A B be the given straight line. 

It is required to divide AB into two equal parts. 



,^ 



/ 

/ 
/ 



A ; 



\ 

\ 
\ 
\ 
\ 



'' ^ 

CONSTRUCTION 

Upon the straight line AB describe the equilateral triangle ABC, (i. 1) 
and bisect the angle ACB by the straight line CD. (l 9.) 
Then AB shall be divided into two equal parts in tbe 
point D. 

DEMONSTRATION 

Because AC is equal to CB, (constr.) 

and CD common to the two triangles ACD, BCD , 

the two sides AC, CD, are equal to the two sides BC, CD, each to 
each; 

and the angle ACD is equal to the angle BCD ; (constr.) 
therefore the base AD is equal to the base DB. (i. 4.) 
Wlierefore the straigrht line AB is divided into two equal 
porta in the point D. Q. E. F. 
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PROP. XL -^Problem. 

To draw a straight line at right angles to a given straight line, from a 
given point in the same, 

(References — Prop. i. 1, 3, 8 ; ax. 1 ; def. 10.) 

Let AB be the giren stnught line, and C the given point in it. 

It is required to draw a straight line from the point C at right angles 
to AB. 




CONSTRtonON 

In AC, take any point D, 

and make CE equal to CD ; (t 8) 

upon D£ describe the eqoilateral triangle DFE, (i. 1) 

and join FC. 

Tben FCf drawn fk^m tlie point C« shall be at rlgbt 
angles to AB. 

DEMONSTRATION 

Because DC is equal to CE, 

and CF is common to the two triangles DCF, ECF ; 

the two sides DC, CF, are equal to the two EC, CF, each to each; 

and the base DF is equal to the base EF ; (constr.) 

therefore the angle DCF is equal to th angle ECF; (i. 8) 

and they are adjacent angles. 

But, ' when a straight line standing on another straight line makes the 

adjacent angles equal to one another, each of the angles is called a 

right angle;' (del 10) 

therefore each of the angles DCF, ECF, is a right angle, 

Wherefore, fk^m the point C, in the straight line AB, 
rC has been drawn at right angles to AB. 

Q. E. F. 
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Cor. By help of this problem, it may be demonttrated that two straight 
lines cannot have a common segment. 



If It be possible, let the two straight lines ABC, ABD, haye the 
segment AB common to both of them. 

CONSTRUCTION 

From the point B, draw BE at right angles to AB. (i. U.) 

DEMONSTRATION 

Because ABC is a straight line, 

therefore the angle CBE is equal to ihe angle EBA ; (del 10) 
in the same manner, because ABD is assumed to be a straight line, 

therefore the angle DBE must be equal to the angle EBA ; 

wherefore the angle DBE mvtet he equal to the angle CBE, (ax. 1) 
the less to the greater, which is impossible. 

Therefore two straight lines cannot have a comnum* segment 



PROP. XIL—Problkm. 

To draw a straight line perpendicular to a given straight line of an 
unlimited length, from a given point without it 

(References — Prop. i. 8, 10; post 3; def. 10, 15.) 

Let AB be the given straight line, which may be produced to any 
length both ways, and C the given j>oint without it. 

It is requu'ed to draw firom C a straight line perpendicular to AB. 



"/ 



F^- — 'G B 

D 
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CONSTRUCTION 

Take any point D, upon the other side of AB, 

and from the centre C, at the distance CD, describe the circle EOF, 

meeting AB in F, G ; (post. 3) 
bisect FG in H, (l 10) and join CF, CH, CG. 

Tben the stralgrlit line CB« drawn flrom tbe point C, Is 
perpendicular to tbe griven straigrbt line AB. 

DEMONSTRATION 

Because FH is equal to HG, (constr.) 

and HC common to the two triangles FHC, GHC, 

the two sides FH, HC, are equal to the two GH, HC, each to each ; 

and the base CF is equal to the base CG; (def. 15} 

therefore the angle CHF is equal to the angle CHGj (i. 8) 
and they are adjacent angles^ 
But * when & straight line standing on a straight line makes the adjacent 

angles equal to one another, each of them is a right angle ; and the 

straight line which stands upon the other is called a perpendicular to 

it.' (def. 10.) 

Tbereifbre OB is perpendioalar to AS, 
and it has been drawn from the point C. Q. E. F. 



PROP. XIII. — Theorem. 

The angles which one straight line makes with another upon one side of 
it, are either two right angles, or are together equal to two right angles, 

(References— Prop. i. 11; ax. 1, 2; def. 10.) 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD. 
Then tbe angles CBA, ABB are eitber two rigbt angles^ 
or are togetber eqnal to two rig^t angles. 

First, let them be equal to one another. 
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DEMONSTRATION 

Theo, siDce the straight line Afi» standiog on the straight line CD, 
makes the adjacent angles ABO, ABD eqoal to one another, 
therefore each of them is a right angle; (def. 10) 

wberefore tbe angles ABC, ABB, are two rlglit angle*. 

Secondly t let them not be equal to one another. 




CONSTRUCTION 

From the point B draw BE at right angles to CD. (i. U.; 

DEMONSTRATION 

Because BE is at right angles to CD, (constr.) 
tlierefore the angles CBE, EBD are two right angles ; (def. 10) 

and because the angle CBE is equal to the two angles CBA, ABE, 

add to each of these equals the angle EBD ; 

*hen tlie angles CBE, EBD, are equal to the three angles CBA, ABE, 
EBD. (ax. 2.) 

Again, because the angle DBA is equal to the two angles DBE, EBA, 
add to each of these equals the angle ABC ; 
t/ien the angles DBA, ABC, are equal to the angles DBE, EBA, ABC. 
(ax. 2.) 

But the angles CBE, EBD, have been proved to be equal to the same 

three angles ; 
and things which are equal to the same thing are equal to one another, 

therefore the angles CBE, EBD, are equal to the angles DBA, ABC ; 
(ax. 1) 
but the angles CBE, EBD are two right angles ; (constr.) 

tberefore ttae angrles BBA, ABC, are togetl&er equal to 
two rlgbt angles, (ax. 1.) 

Wherefore when a straight line, &c. Q. E. D. 
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PROP. XIV.— Theorem. 

Ify at a point in a straight line, two other straight lines, upon the oppo' 
site sides of it, make the adjacent angles together equal tq two right angles, 
then these two straight lines shall be in one and the same straight line, 

(References — Prop. i. 13; ax. 1, 3.) 

At the point B in the straight line AB, let BC, BD, upon the oppo- 
site sides of AB, make the adjacent angles ABC, ABD, equal to two 
right angles. 

Xlien CS sball be In the same straierlit Upe wltb 9B. 



CONSTRUCTION 

For if BD he not in the same right line with BC, 
Jet BE he in the same right line with it 

DEMONSTRATION 

Because CBE is assumed to he a straight line, and AB meets it in B, 
therefore the adjacent angles ABC, ABE, must he together equal 4o two 
right angles ; (i. 13) 
hut the angles ABC, ABD, are togeth^ equal to two right angles ; 
(hyp.) 

therefore the angles CBA, ABE, must be ^qyal to the angles CBA, 
ABD;(ax. 1) 
take away the common angle ABC, 

therefore the remaining q,ngle ABE must be equal to the remaining 
<)(}i^2e ABD; (a¥.3) 
the less to the greater, which is impossihle ; 

therefore BE is not in the same straight Une with BC. 

^nd, in like manner, it may he proved, that no other can he in the 
same straight line with it hut BD, 

flievefi>re BB Is In tbe sam^ f^rai|rlit line wltl^ BC, 

Wherefore, if at a point, &o. Q. E. P, 
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PROP. XV.— Theorem. 

If two straight lines cut each other , then the vertical or opposite txngles 
shall be equal 

(References — Prop. i. 13 ; ax. 1, 3.) 
Let the two straight lines AB, CD, cut each other in the point E. 
nien tbe angrle ABC shall be eqaal to tbe anfflo 9B8f 
and tlie angrle CBB to tlie angrle ABB. 




DEMONSTRATION 

Because the straight line AE makes with CD the angles CEA, A£D, 
these angles are together equal to two right angles, (i. 13.) 

Again, because the straight line DE makes with AB the angles AED, 
DEB, 

these angles are also together equal to two right angles ; 
and CEA, AED, have been proved to be together e^ual to two right 

angles ; 

wherefore the angles CEA, AED, are equal to M« angles AED, DEB ; 
(ax. 1) 
take away the common angle AED, 

tben the remaJnlng nbgrlo OBA in eqnal to the roms^lntny 
anffle BBS. (ax. 3.) 
In the same manner it can be shown, 
that the angle OBB is equal to the iMVl9 ABB. 

Therefore, if two straight lines, &c. Q. E. D. 

Cor. 1. From this it is manifest* that, if two straight lines cut one 
another, the angles they make at the point where they cut, are toge- 
ther equal to four right angles. 

Cor. 2. And, consequently, that all the angles made by any number 
of lines meeting in one point, are together equal to four right angles. 



PROP. XVI.— Theorem. 

If one side of a triangle be produced, 

then the exterior angle is greater than either of the interior opposite angles. 
(References — Prop, i, 3, 4, 10, 15; ax« 9.) 
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Let ABC be a triangle, and let the side BC be produced to D. 
Tben tl&e exterior angrle ACB sbaU be greater thaii eltber 
of tbe angles ABC or CAB. 




Bisect AC in E, (i. 10) and join BE, 

produce BE to F, and make EF equal to BE ; (i. 3) 

and join FC. 

DEMONSTRATION 

Because AE is equal to EC, and BE to EF; 

4he two sides AE, EB, are equal to the two C£, EF, each to each; 

and the angle AEB is equal to the angle CEF, 

because they are opposite, vertical angles ; (i. 15} 

therefore ike base AB is equal to the base CF; (x. 4) 

and the triangle AEB to the triangle CEF, 

and the remaining angles to the remaining angles, each to each, to 
which the equal sides are opposite; 

wherefore the angle BAE is equaH to the angle ECF; 
but the angle ECD is greater than the angle ECF ; 

tberefore tlie angle ACB la greater tlian tbe angle BAB. 

In the same manner, if the side BC be bisected, and AC be produced 
to 6, it may be demonstrated that the angle BCG, 
tbat la, the angle ACB, (l 15} fa greater man tlie angle 
ABC. 

Therefore, if one side, &c. Q. E. D. 



PROP. XVII.— Theorem. 

Any two angles of a triangle are together less than two right angles. 

(References — Prop, i, 13, 16 ; ax. 4.) 
Let ABC be any triangle. 
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Th«ii any two of Its angrlos sbaU bo tof otbor loss Vuui two 
A. 




CONSTRUCTION 

Produce the side BC to D. 

DEMONSTRATION 

Because ACD is the exterior angle of the triangle ABC, 

therefore the angle ACD ia greater than the interior and opposite angle 

ABC ; (I. 16) 
to each of these uneqnals add the angle ACB ; 

then the angles ACD, ACB, are greater than the angles ABC, ACB ;% 
bat the angles ACD, ACB, are together equal to two right angles ; 

(I. 13) 

therefore tbe angles ABO* 80 Af are leM tbaii two wight 
angles. 

In like manner, it may be proved* 
tbat the angles BAO, AOB« are less than two right 



and likewise the ancles cab, ABC* 

Therefore any two angles, &c. Q, E. D, 



PROP. XVIII.— Theory, 

T^e greater side of every triangle is opposite to the greater angle ; i,e,, 
in any triangle^ if one side be greater than another ^ then the angle which is 
opposite the greater side is greater than the angle which is opposite the 
less, 

(References — Prop. i. 3, 5, 16.) . 

Let ABC be any triangle of which the side AC is greater thai^ ^ 
jsideAB. 
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Tben the angle ABO sball be greater ttum the angle 




CONSTRUCTION 

Because the side AC is greater than the side AB, 
make AD equal to AB, (i. 3.) and join BD. 

DEMONSTRATION 

Because the angle ADB is the exterior angle of the triangle BDC, 
therefore the angle ADB is greater than the interior and opposite angle 
DCB; (I. 16) 
but the angle ADB is equal to the angle ABD, (i. 5} 
because the side AB is equal to the side AD, 

therefore the angle ABD is likewise greater than the angle ACB ; 
wberefbre maeh more Is tbe angle ABO greater than the 
angle AOB. 

Therefore the greater side, &;c Q. £. D. 



PROP. XIX.— Theorem. 

The greater angle of every triangle is subtended hy the greater side, i.e., 
in any triangle, if one angle be greater than another ^ 

then the side which is opposite the greater angle is greater than the side 
which is opposite to the less, 

(References— Prop. i. 5, 18.) 

Let ABC be any triangle, of which the angle ABC is greater than 
the angle BCA. 
Then the side AG ehaU he greater than the side AB. 

A 
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For, if AC be not greater than AB, 

AC muBt either be equal to AB, or less than it. 

But AC is not equal to AB, 

because then the angle ABC would be equal to the angle ACB ; (i. 5) 

but it is not, (hyp.) 

therefore AC is not equal to AB. 

Neither is AC less than AB; 

because then the angle ABC would be less than the angle ACB ; (i. 18) 

but it is not ; (hyp.) 

therefore AC is not less than AB ; 
and it has been shown that it is not equal to AB ; 

therefore AC is greater tban AB. 
Wherefore, in any triangle, &c. Q. E. D. 



PROP. XX.— Theorem. 
Any two sides of a triangle are together greater than the third side. 

(References — Prop. i. 3, 5, 19 ; ax. 9.) 
Let ABC be a triangle. 
rhen any two sides of it together are greater ttuui tbe 
tliird side, Tis., 

the sides BA, AC, greater than the side BCi 
as, BC, greater than AC; 
and BC, CA, greater than AB. 

/I) 




CONSTRUCTION 



Produce BA to the point D, 

and make AD equal to AC j (l 3) and join DC. 



DEMONSTRATION 



Because DA is equal to AC, 

therefore the angle ADC w equal to the angle ACD j (t 5) 
but the angle BCD is greater than the angle ACD ; 
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therefore the angle BCD is greater than the angle ADC ; 
and because in the triangle DCB, the angle BCD is greater than the 

angle BDC, 
and that the side which is opposite the greater angle is greater than 

that which is opposite the less ; (i. 19) 

therefore the side DB is greater than the side BC ; 
but DB is equal to BA and AC ; (constr.) 

therefbre tbe sides BA, AC, are greater ttian BC. 

In the same manner, it may be proye4> 
that tbe sides AB, BC, are greater tban CA| 
and BC, CA, are grreater tbaa A8. 

Therefore, any two sides, &c Q. E. D. 



PROP. XXL— Theorem. 

If from the ends of a side of a triangle there he draum two straight lines 
to a point within the triangle; 

then these shall he less than the other two sides of the triangle^ hut shall 
contain a greater angle. 

(References — i. 16, 20; ax. 4.) 

Let the two straight lines BD, CD, be drawn fh>m B, C, the ends of 
the side BC of the triangle ABC, to the point D within it. 
Then BB and BC shall he less than the two sides BA, 

AC, of the triangle, 
hut shall contain an angrle BBC greater than the angrle 

BAC. 




CONSTRUCnOK 

Produce BD to meet AC in E. 

demonstration ■ 
Because two sides of a triangle are greater than the third side, (i. 20} 
therefore the two sides BA, AE, of the triangle ABE, are greater than 
BE; 

C2 
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to each of these add EC ; 

then tlie aides B A, AC, are greater than BE, EC. (ax. 4.) 

Again, hecaose the two sides CE, ED, of the triangle CED, are greater 

than CD, 
add DB to each of these ; 

then the sides CE, EB, are greater than CD, DB ; (ax. 4) 
but it has been shown that BA, AC, are greater than BE, EC, 

macb more then are BA, AG, greater tban BB* 9C. 

Again, because the exterior angle of a triangle is greater than the 

interior and opposite angle ; (l 16} 

therefore the exterior angle BDC of the triangle CDE is greater than 
CED; 
for the same reason, 

the exterior angle CEB of the triangle ABE is greater than BAC ; 
and it has been shown that the angle BDC is greater than CEB ; 

maoli more then Is the an^le BBC greater tban the 
anffle BAC. 
Therefore, if from the ends, &;c. Q. E. D. 



PROP. XXII.— Problem. 

To make a triangle of which the sides shall be equal to three given 
straight lines, but of which any two whatever must be greater titan the 
third, 

(References— Prop. i. 3 ; post. 3 ; ax. 1 ; def. 15.) 

Let A, B, C be three given right lines, of which any two whatever 
are greater than the third — viz., A and B together greater than C ; A 
and C together greater tban B ; and B and C greater than A. 

It is required to make a triangle having its sides equal to A, B, C, 
each to each. 






CONSTRUCTION 



Take a stnught line DE terminated at the point D, but unlimited 
towards E, 
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make DF equal to A, FG equal to B, and GH equal to C ; (i. 3) 

and from the centre F, at the distance FD, describe the circle DKL ; 

(post. 3) 
and from the centre G, at the distance GH, describe the circle HLK ; 
andjoinEF, KG. 
Then the trlangrle XFO shall have Its slAes eqaal to 

the three stralgrht lines A, B, C. 

DEHONSTBATION. 

Because the point F is the centre of the circle DEL, 

therefore FD is equal to FE; (def. 15) 
but FD is equal to the straight line A ; (constr.) 

therefore FE is equal to A. (ax. 1) 

Again, because G is the centre of the circle LEH, 

thefefore GR is equal to GK; (def. 15) 
but GH is equal to C ; (constr.) 

therefore GE is equal to C ; 
and FG is equal to B ; (constr.) 

therefore the three straight lines EF, FG, GE, are equal to the three 
A,B, C. 
An6. therefore the triangle XFO has Its sides XF, FO, OX, 

equal to the grlven straigrht lines A, B, C Q. £. F. 



PROP. XXIIL— Problem. 

At a given point in a given straight line to construct a rectilineal angle 
equal to a given rectilineal angle. 

(References— Prop. L 8, 22.) 

Let AB be the given straight line, and A the given point in it, and 
DCE the given rectilineal angle. 

It is required to make an angle at the point A in the straight line 
AB, equal to the rectilineal angle DCE. 

C A 
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CONSTRUCTION 

Take in CD, CE, any points D, E, and join DE ; 

make the triangle AF6, the sides of which shall be equal to the three 

straight lines CD, DE, CE, so that CD be equal to AF, CE to AG, 

and DE to EG. (l 22.) 

men tbe angle FAO sball be eqoal to the angle IKSB. 

DEMONSTRATION 

Because DC, CE, are equal to FA, AG, each to each, 
and the base DE to the base FG ; (constr.) 
tberefore tbe angle BOB Is equal to tbe angle Z*AO. (l 8.) 

Wherefore, at the given point A in the stnughtline AB, the angle FAG 
is made equal to the giyen rectilineal angle DCE. Q. E. F. 



PROP. XXIV.— Theorem. 

If two triangles have two sides of the one equal to two sides of the 
^oiher, each to each, but the angle contained by the two sides of one of them 
greater than the angle contained by "the two sidesj equal to them, of the 
other; 

tften the base of that which has the greater angle, shall be greater than 
the base of the other, 

(References— Prop, l 3, 4, 5, 19, 23 ; ax. 9.) 

Let ABC, DEF, be two triangles which have the two sides AB, 
AC, equal to the two DE, DF, each to each — viz., AB equal to DE, and 
AC to DF ; but the angle BAC greater than the angle EDF. 

Tben tbe base BC sball be greater tban tbe base BF. 




CONSTRUCTION 



Of the two vides DE, DF, let DE be the side which is not greater than 
tbe other, ' 
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and at the point D, in the straight line DE, make the angle EDG equal 

to the angle BAC ; (l 23) 
and make DG equal to AC or DF, (i, 3) and join EG, 6F. 

DEMONSTRATION 

Because AB is equal to DE, and AC to DG, 
the two sides BA, AC, are equal to the two ED, DG, each to each, 
and the angle BAC is equal to the angle £DG; (constr.) 
therefore the base BC is equal to the base EG. (l 4.) 

And, because DG is equal to DF, 

therefore the angle DFG is equal to the angle DGF; (i. 5) 
but the angle DGF is greater than the angle EGF, 

therefore the angle DFG is greater than the angle EGF ; 

much more then is the angle EFG greater Aan^the angle EGF. 

And, because the angle EFG of the triangle EFG, is greater than its 

angle EGF, 
and that the greater side is opposite to the greater angle ; (i. 19) 

therefore the side EG i> greater than the side EF; 
but EG has been proved to be equal to BC $ 

therefore BC is greater than £F. 
Therefore, if two triangles, &c. Q. E. D. 



PROP. XXV.— Theorem. 

If two triangles have two sides of the one equal to two sides of the other , 
each to each, but the base of one greater than the base of the other; 

then the, angle contained by the sides of the one which has the greater 
base, shall be greater than the angle contained by the sjides, equal to them, 
of the other* 

(References — Prop, i, 4, 24.) 

Let ABC, DEF, be two triangles which have the two sides AB, AC, 
equal to the two sides DE, DF, each to each—viz., AB equal to DE, 
and AC to DF ; but the base CB greater than the base £F. 

Tben tbe an^le BAC staall be greater tban tbe ang^e BBF. 
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DEMONSTRATIOK 

For if the angle B AC be not greater than the angle DEF, 

it most either be eqoal to it or less. 

Now, if the angle BAG be eqnal to the angle EDF, 

Ihen must the base BC be equal to the base EF ; (i. 4) 
but it is not; (hyp.) 

therefore the angle BAC is not equal to the angle EDF. 

Again, if the angle BAC be less than the angle EDF, 
then must the base BC be less than the base EF; (i. 24) 

but it is not ; (hyp.) 

therefore the angle BAC is not less than the angle EDF; 

and it has been proved it is not equal to it ; 
tberefore tbe angle SAO Is greater tliaa tbe ang;le BBF. 

Wherefore, if two triangles, &c. Q. B. D. 



PROP. XXVL— Theorem. 

If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side ; viz., either (he side 
adjacent ib the equal angles in each, or the side opposite to them ; 

then the other sides shaU be equal, each to each, and also the third angle 
of the one equal to the third angle of the other. 

(References — Prop, l 3, 4, 16 ; ax. 1.) 

Let the two triangles ABC, DEF, have the angles ABC, BCA, equal 
to the angles DEF, EFD, each to each ; also one side equal to one 
side. 

First, Let the sides adjacent to the equal angles in each be equal ; 
▼iz., BC equal to EF. 
Tlien sball tbe sMe JLB be equal to tbe side BS, tbe side 

AC to tbe side BF, and tbe angle SAO to tbe angle 
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CONSTRUCTION 

For if AB be not equal to DE, 

oue of them is greater than the other. 

Let AB be the greater of the two, 

and make B6 equal to DE, (i. 3) and join GC. 

DEMONSTRATION 

Then in the two triangles GBC, DEF, 

because BG is assumed to be equal to DE, 

and BC is equal to EF, (hyp.) 

the two sides GB, BC, must be equal to the two DE, EF, each to each; 

and the angle GBC is equal to the angle DEF ; (hyp.) 

therefore the base GC must be equal to the base DF, 

and the triangle GBC to the triangle DEF, 

and the remaining angles of the one equal to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 

therefore the angle GCB must he equal to the angle DFE ; (i. 4) 
but the angle DFE is, by the hypothesis, equal to the angle BCA ; 

wherefore also the angle BCG must be equal to the angle BCA, (ax. 1) 
the less to the greater, which is impossible ; 

therefore AB is not unequal to DE, 

tbat is, AB is equal to BE. 

Therefore in the triangles ABC, DEF, 

because the two AB, BC, are equal to the two DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; (hyp.) 
thereftore tbe base AC is equal to the base Bl*, 
and the tliirA angrle SAC to tbe tbird angrle BDl*. (i. 4.) 

Nexty let the sides which are opposite to the equal angles iu each 
triangle be equal to one another, viz., AB to DE. 
Tben likewise in tbis case tiie otber sides sban be equal, 

AC to BF, and BC to EF | and also tbe tbird angrle BAC 

to tbe tbird angrle BBF. 




03 



34 THE SCHOOL EUCLID. [BOOK L 



CONSTRUCTION 

For if BC be not equal to £F, 

one of them most be greater than the other. 

Let BC be the greater, 

make BH equal to £F, (r. 3) and join AH. 

DEMONSTRATION 

Then, in the two triangles ABH, DBF, 

because BH is assumed to be equal to EF, 

and AB is equal to D£, (hyp.) 

the two sides AB, BH, must be equal to the two D£, EF, each to each ; 

and the angle ABH is equal to the angle DBF ; (hyp.) 

therefore the base AH must be equal to the base DF, 

and the triangle ABH to the triangle DEF, 

and the remaining angles of the one equal to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 

therefore the angle BHA is equal to the angle EFD ; (i. 4) 
but the angle EFD is equal to the angle BC A ; (hyp.) 

therefore the angle BHA must he equal to the angle BCA, 
that is, the exterior angle, BHA, of the triangle ABC, must be equal 

to its interior and opposite angle BCA, 
which is impossible ; (l 16) 

wherefore BC is not unequal to EF, 

fliat is, BC is equal to BF. 

Therefore in the triangles ABC, DEF, 

because AB is equal to DE, (hyp.) 

and BC has been shown to be equal to EF, 

the two AB, BC, are equal to the two DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; (hyp.) 

tberefore tbe base AC is equal to tbe base OF. and 
tbe tblrd angrle BAC to tbe tblrd anirle VDT. (l 4.) 

Wherefore, if two triangles, &c Q. R D. 



PROP. XXVIL— Theorem. 

If a straight line, falling upon two other straight Unes, make the 
alternate angles equal to one another, 

then these two straight lines shall be parallel 

(References— Prop, l 16 ; def. 35.) 
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Let the straight line £F, -which falls upon the two straight lines, 
AB, CD, make the alternate angles, A£F, EFD, equal to one another. 

Then AB sball be parallel to CD. 




CONSTRUCTION 

For, if AB be not parallel to CD, 

AB and CD being produced, shall meet either towards B, D, or towards 

A,C; 
let them be produced and meet towards B, D in the point G. 



DEMONSTRATION 

Then GEF must be a triangle, 

and its exterior angle AEF must be greater than the interior and oppo* 
site angle EFG; (l 16) 

but the angle AEF is equal to the angle EFG ; (hyp.) 

therefore the angle AEF must be both greater than, and equal to the 
angle EFG ; 

which is impossible. 

Therefore AB, CD, being produced, do not meet towards B, D. 

In like manner it may be demonstrated that 
. AB, CD, do wA meet towards A, C. 

But those straight lines, in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another ; (def. 35) 

tberelbre AB is parallel to CB. 

Wherefore, if a straight line, &c. Q. E. D. 
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PROP. XXVIIL— Theobem. 

If a straight Une falling upon two other straight lines, make the exterior 
angk equal to the interior and opposite, upon the same side of the line, or 
make the interior angles upon the same side, together equcd to two right 
angles; 

then the two straight lines shall he par olid to one another, 

(References — Prop. i. 13, 15,^27 ; az. i. 3.) 

Let the straight line £F, which falls npon the two straight lines AB, 
CD, make the exterior angle EGB equal to the interior and opposite 
angle GHD upon the same side ; 

or make the interior angles on the same side B6H, GHD, together 
equal to two right angles. 

Tben AB sbaU be parallel to CD. 






^ 



\ 



DEMONSTRATION 

Because the angle EGB is equal to the angle GHD, (hyp.) 
and the angle EGB is equal to the angle AGH, (l 15) 

therefore the angle AGH is equal to the angle GHD ; (ax. I) 
and they are alternate angles, 

tberefore AS is parallel to CB. (l 27) 

Again, because the angles BGH, GHD, are equal to two right angles; 

(iiypO 

and that the angles AGH, BGH, are also equal to two right angles ; 

(1.13) 

therefore the angles AGH, BGH, are equal to the angles BGH, GHD ; 
(ax.l) 
take away the conunon angle BGH ; 

therefore the remaining angle AGH is equal to the remaining angle 
GHD ; (ax. 3) 
and they are alternate angles ; 

tberefore AB Is paraUel to CD. (l 27) 
Wherefore, if a straight Ime, &;c. Q. E. D. 
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PROP. XXIX.— Theorem. 
If a straight line fall upon two parallel straight Hnea, 
then it makes the cUtemate angles equal to each other f and theexterior angle 
equal to the interior and opposite angle upon the same side; and likewise 
the two interior angles upon the same side together equal to two right angles. 
(References — Prop, l 13, 15 ; ax. L 2, 4, 12.) 
Let the right line £F, fall on the parallel Imes AB, CD. 

Then tbe alternate angrle iLGB sbaU be eqnal to tbe 
alternate an§rle GBD^ 

and tbe exterior angrle S6B sball be equal to the interior 
and opposite angrle 6BD, on the same side of the line BF;' 

and the two interior angrles BOB, 6BD, on the same sidOt 
shall be togrether equal to two riffht angrles. 




DEUONSTRATION 

For if the angle A6H he not equal to GHD, 

one of them must he greater than the other. 

Let AGH he the greater. 

Then hecause the angle AGH is assumed to he greater than the angle 
GHD, 

add to each of them the angle BGH ; 

therefore the angles AGH, BGH, must he greater than the angles BGH, 
GHD; (ax. 4) 

hut the angles AGH, BGH, are equal to two right angles ; (l 13) 
therefore the angles BGH, GHD, must be less than two right angles; 

but ' those straight linies which with another straight line falling upon 
them, make the interior angles on the same side less than two right * 
angles, will meet together if continually produced;* (ax. 12) 
therefore the straight lines AB, CD, must meet if produced far enough 

but they never meet, since they are parallel by the hypothesis ; 
therefore the angle AGH is not unequal to the angle GHD, 
that is, the angle A6B is equal to the angle GBB, 
whieh are the alternate angleli. 
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Bat the angle AGH is equal to the angle EGB ; (l 15) 
fberefore tbe angle BOB is equal to tlie angle GBB, (nx. 1) 
tliat is, tlie exterior angle is eqnal to the interior and 
opposite. 

Add to each of these the angles BGH ; 
therefore the angles EGB, BGH, are equal to the angles BGH, GHD ; 
(ax. 2) 
bat EGB, BGH are eqaal to two right angles ; (i, 13) 
therefore also BOB, GBD, are eqnal to two rigbt an§rles, 

(ax. 1) 
wbicli are tlie two interior angles- 
Wherefore, if a straight line, &c. Q. £. D. 



PROP. XXX.— Theorem. 
Straight lines which are parallel to (he same straight line are parallel to 
one another, 

(References — Prop. i. 27, 29 ; ax. 1.) 

Let AB, CD, be each of them parallel to EF. 
Then AB shall he also parallel to CD. 

* «/ n 



fi sZ. 



P 

j^ D 

CONSTRUCTION 

Let the straight line GHK cat AB, EF, CD. 

DEMONSTRATION 

Becaase GHK cats the parallel straight lines AB, EF, 

therrfore the angle AGH is equal to the angle GHF. (i. 29.) 
Again, becaase the straight line GHK cats the parallel straight lines 
, EF,CD, 

therefore the angle GHF is equal to the angle GKD ; 
and it was shown that the angle AGK is eqaal to the angle GHF; 

therefore also the angle AGK is equal to the angle GKD ; (ax. 1) 
and they are alternate angles ; 

therefore AM is parallel to CD. (i. 27 ) 
Wierefore, straight lines, &c • ^YuB. 



PROPS. XXXI., XXXIL] THB school EUCLID. 39 

PROP. XXXL— Problem. 

To draw a straight line through a given point, parallel to a given 
straight line. 

(References— Prop. i. 23, 27.) 

Let A be the given point, and BC the given right line. 
It is required to draw a straight line through the point A, parallel 
toBC. 

E A p 



CONSTRUCTION 

In BC take any point D, and join AD; 

at the point A, in the straight line AD, make the angle DAE equal to 

the angle ADC ; (l 23) 
and produce the straight line EA to F. 

Then BF sball be pairallel to BC. 

DEMONSTRATION 

Because the straight Ime AD, which meets the two straight lines 

BC, EF, 
makes the alternate angles EAD, ADC, equal to one another, 

fberefore SF Is pairallel to BC. (l 27.) 
Wherefore the straight line EAF is drawn through the given point A 

parallel to the given straight line BC. Q. E. F. 



PROP. XXXIL— Theorem. 

If the side of any triangle be produced; 

then the exterior angle is equal to the two interior and opposite angles; 
and the three interior angles of every triangle are together equal to two 
right angles. 

(References— Prop. i. 13, 29, 31 ; ax. 2.) 

Let ABC be a triangle, and let one of its sides BC be produced to D. 

Tben tbe exterior angrle JLCH is eqLti^ to iCkiA Wo NaDX«i%wt 
and oppoBite aaglem CAB« AAC^ 
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and tlie three interior anglee of the triangle — vis.* ABCi 
8CA« CABf are together equal to two right anglca. 




CONSTRUCTION 

Through the pomt C draw C£ parallel to the straight Ime AB. (i. 81.) 

DEMONSTRATION 

Becaase AB is parallel to CE, and AC meets them, 

therefore the alternate angles BAG, ACE, are equal (i. 29.) 
Again, becaase AB is parallel to CE, and BD falls upon them, 

therefore the exterior angle ECD t^ equal to the interior and oppositt 
angle ABC ; (i. 29) 
but the angle ACE was shown to be equal to the angle BAG ; 
therefore the whole exterior angle ACD is equal to the 
two interior and opposite angles CAB* ABC. (ax. 2.) 

To each of these equals add the angle ACB ; 

therefore the angles ACD, ACB, are equal to the three angles CBA, 
BAC, ACB; 
but the angles ACD, ACB, are equal to two right angles; (i. 13) 
therefore also the angles CBA, BAC, ACB, are equal to 
two right angles, (ax. 1.) 
Wherefore, if a side of a triangle, &c. Q. E. D. 

Cor. 1. AU the interior angles of any rectilineal figure, together with 
four right angles, are equal to twice as many right angles as the figure has 
sides. 




DEMONSTRATION 

For, any rectilineal figure ABCDE can, by drawing straight lines firom 
a point F within the figure to each angle, be divided into as many 
triangles as the figure has sides. 
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By the proposition, the angles of each triangle are eqoal to two right 
angles; 

therefore aU the angles of the triangles are equal to twice as many 
right angles as there are triangles^ that is, as there are sides of the 
figure ; 
bat the same angles are equal to the angles of the figure, together with 

the angles at the point F ; 
and the angles at F, which is the common vertex of all the triangles, 
are equal to four right angles, (i. 1 5, cor. 2) 

therefore aU the angles of the figure, together with four right angles, 
are equal to twice as many right angles as the figure has sides. 

Cor. 2. AU the exterior angles of any rectilineal figure are together equal 
to four right angles. 




DEMONSTRATION 

For, because each interior angle ABC, together with its adjacent ex- 
terior angle ABD, are equal to two right angles, (i. 13) 
therefore aU the interior angles, together with aU the exterior angles, 
are equal to twice as many right angles as there are angles or 
sides, 
but all the interiof angles, together with font right angles, are equal to 
twice as many right angles as the figure has sides ; (cor. 1) 
therefore aU the interior angles, together with aU the exterior angles, are 
equal to all the interior angles and four right angles ; (ax. 1) 
take away the interior angles which are common ; 

therefore aU the exterior angles are equal to four right angles, (ax. 3.) 
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PROP. XXXIIL— Theorem. 
The straight lines which join the extremities of two equal and paraUd 
straight lines towards the same parts, are also themselves equal and 
paraUel 

(References — Prop. i. 4, 27, 29.) 

Let AB, CD, be two equal and parallel straight lines, and joined 
towards the. same parts by the straight lines AC, BD. 
Tben JLC, MDf sball be equal and parallel. 



CONSTRUCTION 

Join the opposite points B and C. 

demonstration 

Becaose AB is parallel to CD, and BC meets them, 

therefore the alternate angles ABC, BCD, are equal; (i. 29) 
and because AB is equal to CD, (hyp.) and BC common to the two 

triangles ABC, DCB, 
the two sides AB, BC, are equal to the two DC, CB ; 
and the angle ABC has been shown to be equal to the angle BCD ; 

tfeierefore tbe base AC is equal to tlie base MD, (i. 4) 

and the triangle ABC to the triangle BCD, 

and the other angles to the other angles, each to each, to which the 
equal sides are opposite ; 

titerefore the angle ACB is equal to the angle CBD. 
And because the straight line BC meets the two straight lines AC, BD, 

and makes the alternate angles ACB, CBD, equal to one another, 

tbereftore JLO is pairallel to BD, (l 27) 

and AC was sbown to be equal to MDm 
Therefore, straight lines, &c. ^ Q. E. D. 



PROP. XXXrV.— Theorem. 
The opposite sides and angles of parallelograms are equal to each other, 
and the diameter bisects them, that is, divides them into two equaJ parts, 

N.B. A parallelogram is a four-sided figure, of which the opposite sides are parallel; 
and the diameter is the straight line joining two of its opposite angles. 

(Beferences — Prop. i. 4, ^6, ^^ •, wi. ^.^ 
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Let ACDB be a parallelogram, of which BC is a diameter. 
Tben tlie opposite sides and angrles of tlie figure sball be 

equal to one another; 
and tlie diameter sball bisect it. 




DEMONSTRATION 

Because AB is parallel to CD, and BC meets them, 

therefore the alternate angles ABC, BCD, are equal to one another ; 
(I. 29) 

and because AC is parallel to BD, and BC meets them, 

therefore the alternate tingles ACB, CBD, are equal to one another. 
Wherefore in the two triangles ABC, CBD, 
because the two angles ABC, BCA, in the one, are equal to the two 

angles BCD, CBD, in the other, each to each, 
and one side BC, which is adjacent to their equal angles, is common 

to the two triangles ;- 

therefore their other sides shall be equal, each to each, 

and the third angle of the one to the third angle of the other 
(i. 26)— viz., 

the side AB to the side CD, and AC to BD, 

and the angle BAC to the angle BDC. 

And because the angle ABC is equal to the angle BCD, and the angle 
CBD to the angle ACB ; 

therefore the whole angle ABD is equal to the whole angle ACD; 
(ax. 2) 
and the angle BAC has been shown to be equal to the angle BDC ; 
tberefore tbe opposite sides and angrles of a parallelogrram 
are equal to one anotber. 

Also the diameter shall bisect it. 

For because AB is equal to CD, and BC common, 

the two AB, BC, are equal to the two DC, CB, each to each ; 

and the angle ABC has been proved equal to the angle BCD ; 
therefore the triangle ABC is equal to the triangle BCD ; (i. 4) 
and tbe diameter BO divides tbe paxaUe\o«;c%ao^ I^^'Ml 
into two equal parts. C^'^.^. 
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PROP. XXXV.— Theorem. 

ParaBelograms upon the same base, and between the same paraUeU, an 
equal to each other, 

(Beferences — Prop. i. 4, 29, 84 ; az. 1, 8, 6.) 

Let the parallelograms ABCD, EBCF, be on the same base BC, and 
between the same parallels AF, BC. 
Tlien fbe parallelogram ABOD atiall be equal to the 

parallelogram B8C7. 




DEMONSTRATION 

If' the sides AD, DP, of the parallelograms ABCD, DBCP, opposite to 
the base BC, be terminated in the same point D, 

. it is plain that each of the parallelograms ABCD, DBCF, is double of 

the triangle BDC ; (l 34) 
and tfeierefore fbe paralleloi^rams ABCD, BBC7, are equal 
to one anotber. (az. 6.) 



D E 




Bnt if the sides AD, £F, opposite to the base BC of the parallelograms 

ABCD, EBCF, be not terminated in the same point ; 
then, because ABCD is a parallelogram, 

therefore AD is equal to BC; (i. 34) 
for the same reason £F is equal to BC ; 

wherefore AD is equal to EF ; (ax. 1) 
and DE is common ; 

therefore the whole, or remainder* A£, is equal to the whoky or re' 
mainder DF ; (az. 2 or 3) 



* The words 'whole or remainder* are used to suit both figures (2 and 8), since, 
in figure % DE is added to AD and EF, which therefore gives the whole AE; apod 
in figure 3, DE is taken away firom AD and £F, which therefore leavea the re- 
jaa/oderAR 
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and AB is equal to DC. (l 34.) 

Wherefore, in the triangles EAB, FDC, 

becaose the two EA, AB, are equal to the two FD, DC, each to each ; 

and the exterior angle FDC is equal to the interior EAB, (i. 29) 
therefore the base EB is equal to the base FC, 
and the triangle EAB equal to the triangle FDC. (l 4.) 

Take the triangle FDC f^om the trapezium ABCF, 
and from the same trapezium take the triangle EAB ; 

the remainders are therefore equal, (ax. S) 

tliat is, tlie paralleloflrraxn ABCD is eqpal to tlie paral- 
lelogrraxn B8C7. 
Therefore, parallelograms upon the same base, &c. Q. E. D. 



PROP. XXXVL— Theorem. 
Parallelograms upon equal bases and between the same parallels art 
equal to one another, 

(References— Prop. i. 33, 34, 35; ax. I.) 

Let ABCD, EFGH be parallelograms upon equal bases BC, FG, and 
between the same parallels AH, BG. 
Tben tlie pairallelogrraxn ABCD aliall be equal to tlie 

parallelogram SF6B. 

A D E H 
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CONSTRUCTION 

From B to E, draw the straight line BE, and from C to H, the straight 
lineCH. 

DEMONSTRATION 

Because BC is equal to FG, (hyp.) and FG to EH, (l 34) 

therefore BC is equal to EH ; (ax. 1) 
and they are parallels, and joined towards the same parts by the straight 

linesBE, CH; (hyp.) 
but * straight lines which join equal and parallel straight lines towards 

the same parts, are themselves equal and parallel ;* (l 33) 

therefore EB, CH, are both equal and parallel*, 

wherefore EBOH is a paraUelogranL (i* ^ dfil^ 
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Then because the parallelograms ABCD, EBCH, are upon the same 

base BC, 
and between the same parallels BC, AH ; 

therefore the parallebgram ABCD is equal to the paraUdogram EBOH ; 
(I. 35) 
for the like reason, the parallelogram EFGH is equal to the same 

EBCH; 

tlierefore tbe parallelocrain ABCB is equal to tbe pswal- 
lelograxn BFOB. (ax. 1.) 

Wherefore, parallelograms, &c Q. £. D. 



PROP. XXXVIL—Theorem. 

Triangles upon the same bcue, and between the same parallels, are equal 
to one another, 

(References— Prop. i. 31, 34, 35 ; ax. 7.) 

Let the triangles ABC, DBC, be on the same base BC, and between 
the same parallels AD, BC. 
Then tlie triangle ABC shaU be equal to tba triangle 
DBC V. 

E A D p 
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CONSTRUCTION 

Produce AD both ways to the points E, F, 

and through B draw BE parallel to CA, and through C draw CF 
paraUel to BD. (l 31.) 

DEMONSTRATION 

Then, each of the figures EBCA, DBCF, is a parallelogram ; (i. S4, 

def.) 
and because the parallelograms EBCA, DBCF, are upon the same 

baseBC, 
and between the same parallels BC, EF, 

therefore the parallelogram EBCA is equal to the parallelogram DBCF; 
(l 35) 
and because the diameter AB bisects the parallelogram EBCA ; 

Oere/bre the triangle ABC ts the ba2/o/E.BCk', ^%^ 
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and because the diameter DC bisects the parallelogram DBCF, 

therefore the triangle DBC is the half of DBCF; 
but * things which are halves of the same are equal to one another/ 

(ax. 7) 

tberefore the triangle ABC Is equal to the triangle DBC. 
Wherefore, triangles, &c. Q. E. D. 



PROP. XXXVIII.— Theorem. 

Triangles upon equal bases and between the same parallels are equal to 
one another. 

(References — Prop. i. 31, 34, 36 ; ax. 7.) 

Let the triangles ABC, DEF, be on the equal bases BC, EF, and 
between the same parallels AD, BF. 

Tben tbe triangle ABC sball be eqaal to tbe triangle 





CONSTRUCTION 



Produce AD both ways to the points G, H, 

and through B draw BG parallel to CA, and through F draw FH 
parallel to ED. (l 31.) 

DEMONSTRATION 

Then, each of the figures GBC A, DEFH, is a parallelogram ; (z. 34 

def) 
and because they are upon equal bases BC, EF, 
and between the same parallels BF, GH, 

therefore these parallelograms are equal to one another, (i. 36.) 
And because the diameter AB bisects the parallelograms GBC A, 

therefore the triangle ABC is the half of GBC A ; (i. 34) 
and because the diameter DF bisects the parallelogram DEFH, 

therefore the triangle DEF is the half of D'EFB. ; 
but ' things which are halves of the same are equal to one another,' 

(ax 7.) 

tberefore tbe triangle ABC Is equal to tbe triAaDk«\»*un« 
Wherefore, triangles, &c ^"^.^i. 
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PROP XXXIX.— TteOBEM. 

Equal triangles upon the same base and <m ffte same side of it, an 
between the same parallels. 

(References — Prop. i. 31, 37 ; ax. I, J 

Let the equal triangles ABC, DBC, be upon the same baie BC, and 
on the same side of it. 
Then fliey BbaU he between tbe 




B *C 

CONSTRUCTION 

From A to D, draw the straight line AD. 
Then AD is parallel to BC, 

For, if it be not, through the point A draw AE parallel to BC, (l. 81) 
and join EC. 

DEMONSTRATION 

Then, because the triangles ABC, EBC, are on the same base BC, 
and are assumed to be between the same parallels BC, AE; 

therefore the triangle ABC must be equal to the triangle EEC ; (l 87) 
but the triangle ABC is equal to the triangle DBC ; (hyp.) 

therefore the triangle DBC must be equal to the triangle EBC, (ax. 1) 
the greater to the less, which is impossible ; 

therefore AE is not parallel to BC. 
In the same manner, it can be demonstrated that no other line but AD 

is parallel to BC ; 

tberefore AB is parallel to SC» 
Wherefore, equal triangles upon, &c. Q.E.D. 



PROP. XL — Theorem. 

Equal triangles upon equal bases in the same straight line and towards 
the same parts are between the same parallels. 

(References — Prop. i. 31, 38; ax. 1.) 

I^t the equal triangles ABC, DEF, be upon the equal bases BC, EF, 
in the same straight line BF, and towards the same parts. 
Tben tbe triangrles ABC, DBF, sball he between tbe aams 
parallels. 
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CONSTRUCnOM 

From A to D, draw the straight line AD ; 
then AD is parallel to BF. 

For, if it he ^o(, throagl^ A dn^w AQ parallel to 3F, (i. 31) and join 
GF. 

DEMONSTRATION 

Because the triangles A3C, GEF, are upon e<}aal hases BC, iJF, 
and are assumed to he hetween the same parallels BF, AG ; 

therefore the triangle ABC must be equal to the triangle GEF ; (i. 33) 
hut the triangle ABC is equal to the triangle DEF, (hyp.) 

therefore also the triangle DEF muat be equal to the triangle GEF, 
(ax.1) 
the greater to the less, which is impossible ; 

^terefore AG is not parallel to BF. 
And in the same manner it can he demonstrated that there i^ no other 

parallel to it hut AD ; 

flierefore AH Is parallel ito ST* 
Wherefore eqpal triangles, &c, Q. E. D. 



PROP. XLL^ Theorem. 

If a parallelogram and a triangle be upon the same base and between the 
same parallels f the parallelogram shall be double of die triangle. 

(References — Prop. i. 34, 37; ax. 1.) 

Let the patttllelogram ABCD, and the triangle EBC he upon the same 
base BC, and between the same parallels BC, AE. 
Tbea ttub paralleloffraiD ABCB snail be double of tbe 
triangle SBC. 

D 
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CONSTRUCTION 

From «A. to C draw the straight line AC 

DEMONSTRATION 

Because the triangles ABC, ECB are npon the same base BC» 

and between the same parallels BC, A£, 

therefore the triangle ABC is equal to the triangle EBC; (i. 37) 

but the diameter AC bisects the parallelogram ABCD, 

therefore theparaUelogram ABCD is dottle of the triangle ABC, (i. 34) 
wberefore also ABCB la double of tba triangle nc. (ax. 1) 

Therefore if a parallelogram, &c. Q. E« D, 



PROP. XLII.-- Problem. 

To describe a parallelogram that shall he equal to a given triangle^ Qnd 
have one of its angles equal to a given rectilineal angle, 

(References — Prop. i. 10, 23, 31, 38, 41; az. 6; de£ i. 34^ 

Let ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D. 



A P 




CONSTRUCTION 

Bisect BCin E, (i. 10) join AE, 

and at the point £ in the straight line EC, make the angle CEF eqoil 

to D ; (L 23) 
through A draw AFG parallel to BC, and through C draw CO ptnllel 

to EF. (i. 31.) 
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Tliea 7XCO Is the parallelogram required. 

DEMONSTRATION 

Because the base BE is equal to the base EC, and BC parallel to AG, 
therefore the triangle ABE is equal to the triangle AEC ; (i. 88) 
and therefore the triangle ABC is double of the triangle AEC ; 

but because the parallelogram FECG and the triangle AEC are on the 
same base EC; and between the same parallels EC, AG, 
therefore the paroBebgram FECG is double of the triangle AEC ; 
(I. 41) 

but * things which are double of the same are equal to one another ' 
(ax. 6) 

tberefore the parallelogram FEOO Is eqi&al to the triangle 
ABC. 

and it bas one of its angles CBF equal to the given angle B. 
(constr.) 

Wherefore there has been described a parallelogram FECG equal to a 
given triangle ABC, having one of its angles CEF equal to the given 
angle D. Q. E. F. 



PROP. XLIII.— Theorem. 

The complements of the parallelograms which are about the diameter of 
any parallelogram, are equal to one another, 

(References — Prop. i. 84 ; ax. 2, 8.) 
Let ABCD be a parallelogram, of which the diameter is AC ; and 
EH, FG, the parallelograms about AC, that is, through which AC 
passes; 

and let BK, KD be the other parallelograms, which make up the 
whole figure ABCD, and are therefore called the complements. 
Tben tbe complement BX sliall be equal to the comple« 
n&ent XB» 




B G 



DEMONSTRATION 

Becau.^ ABCD is a parallelogram, and AC its 6&»ni«^A^« 

d2 
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therefore the triangle ABC is equal to the triangle ADC ; (i. 34) 
and because £EHA is a parallelogram, and AK its diameter, 

therefore the triangle AEK is equal to the triangle AHK ; 
and for the same reason, 

the triangle K6C is equal to the triangle KFC. 
And, because the triangle AEK is equal to the triangle AHK, and tlie 

triangle K6C to KFC; 

therefore the two triangles AEK, K6C, are equal to the two inamgks, 
AHK, KFC; (ax. 2) 
but the whole triangle ABC is equal to the whole triangle AIX^ ; 

tberefore tlie remaining complement 8X la equal to flie 
r em ai n i ng eomplement VD, (ax. 3.) 
Wherefore, the complements, &c Q. £. D. 



PROP. XLIV.— Problem. 
To a given straight line to apply a parallelogram^ which shall be equal 
to a given triangle^ and have one of its angles equal to a given rectilUutd 
angle, 

(References — Prop. i. 15, 29, 31, 42, 43 ; ax. 9. 12.) 

Let AB be the given straight line, and C the given triangle, and 
D the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram eqiial 
to the triangle C, and hanng an angle equal to D. 

p E 
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CONSTRUCTION 

Make the parallelogram BEFG equal to the triangle C, (i. 42) 

and having the angle EB6 equal to the angle D, 

so that BE be in the same straight line with AB ; 

produce FG to H, 

and through A draw AH parallel to BGor EF, (i. 31) and join HB. 

Then because the straight line HF falls upun the parallels AH, EF, 
therefore the angles AHF, HFE, are together eqnal to the two 
ri^htan^le^; (l 29) 
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wherefore Ab angles BHF, BFE,are less than two right angles ; (ax. 9) 
but * straight lines which with another straight line make the interior 

angles upon the same side less than two right angles, do meet if 

produced &r enough;' (ax. 12) 

therefore HB, FE, shall meet, if produced; 
let them meet in K, 

and through K draw KL parallel to £A or FH, (I. 31) 
and prodace HA, GB, to the points L, M. 

Tliea &B slianbe the piuraUelofram required. 

DEMONSTRATION 

Because HL&F is a parallelogram, of which the diameter is HK, 
and AG, ME, are the parallelograms about HK, 
also LB, BF, ate the complements ; 

therefore the complement LB is equal te the eomplement BF; (i. 43) 
but the complement BF is equal to the triangle C ; (constr.) 

wberefore &B is equal to tlie trlani^le O. 
And because the angle GBE is equal to the angle ABM, (i. 15) 
and likewise to the angle D, 

tlierefbre tbe angle ABac is equal to the angle B. 
Wherefore the parallelogram LB is applied to the straight line AB, 

and is equal to the triangle C, and has the angle ABM equal to 

the angle D. Q. E. F. 



PROP. XL v.— Problem. 

To describe a parallelogram equal to a given rectilineal figure^ and 
having an angle equal to a given rectilineal angle, 

(Keferences^Prop. i. 14, 29, SO, 42, 44 ; ax. 1,2; i. 34, def.) 

Let ABCD be the given rectilineal figure, and E the given rectilineal 
angle. 

It is required to describe a parallelogram equal to ABCD, and having 
an angle equal to £. 

CONSTRUCTION 

Join AC, and describe the parallelogram FH equal to the triangle 
ABC, and having the angle HKF equal to tbe angle E ; (i. 42) 

and to the straight line GH apply the parallelogram GM equal to th« 
triangle ADC, having the angle GHM equa\ to X\ift wc\^^ '^^ ^. ^^'-^ 

Vben the ngnre FSMS sliaU be the paaraai.e\ovraan.T^«6aAxe«^ 
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DEMONSTRATION 

Because the angle E is eqaal to each of the angles FKH, 6HM, 

therefore the angle FKH is equal to the angle OHM ; 
add to each of these the angle EHG ; 

therefore the angles FKG, KHG, are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right angles ; (i. 29) 

therefore also KHG, GHM, are equal to two right angles; 
and because at the point H iu the straight line GH, the two straight 

lines KH, HM, upon the opposite sides of it, make the adjacent angles 

equal to two right angles, 

therefore £1H is in the same straight Une unth HM. (l 14.) 

And because the straight line HG meets the parallels KM, FG, 
therefore the alternate angles MHG, HGF, are equal; (i. 29) 

add to each of these the angle HGL ; 

therefore the angles MHG, HGL, are equal to the angles KQF, HGL; 

but the angles MHG, HGL, are equal to two right angles ; (i. 29) 
wherefore also the angles HGF, HGL, are equal to two right angles, 
and therefore FG is in the same straight line with GL. (i. 14.) 

And because KF is parallel to HG, and HG to ML, 

therefore KF is parallel to ML ; (i. 30) 
and KM, FL, are parallels; 

wherefore KFLM is a parallelogram; (i. 34, def.) 
and because the triangle ABC is equal to the parallelogram HF, and 

the triangle ADC to the parallelogram GM; 

tberefore the wbole rectilineal flffore ABCB is equal to 
the wbole parallelogram XZTiBK. (ax. 2.) 
Wherefore the parallelogram KFLM has been described equal to the 

given rectilineal figure ABCD, having the angle FKM equal to the 

angle E. Q. E. F. 

Cor. From this it is manifest how to apply to a g'lren right line a 
parallelogram, which shall have an ttn(^\e e^ual \o ^ ^vq^vi x^ctUineil 
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angle, and shall be equal to a given rectilineal figure -^vie^ by apply- 
ing to the given straight line a parallelogram equal to the first triangle 
ABC, and having an angle equal to the given angle. 



PROP. XL VI.— Problem. 

To describe a square upon a given straight line, 

(References-^Prop. i. 3, 11, 29, 31, 34; ax. 1, 3; def. 30.) 

Let AB be the given straight Una 

It is required to describe a square upon AR 

Oi 
D 



CONBTRtJCTlOK 

From the point A draw AC at right angles to AB, (i. 11) 
and make AD eqaal to AB, (i. 3) 
through the point D draw DE parallel to AB, (i. 31) 
and through B draw BE parallel to AD. 

Thmn ABXB sliallbe the square required. 

DEMONSTRATION 

Because DE is parallel to AB, and BE parallel to AD; (constr.) 

therefore ADEB is a parallelogram; (i. 34, def.) 

wherefore AB is equal to DE, and AD to BE; (i. 34) 
but BA is equal to AD; (constr.) 

therefore the four straight lines BA, AD, DE, EB, are equal to one 
another, 

and the parallelogram ADEB is equilateral 

Likewise all its angles are right angles ; ii 

for, smce the straight line AD meets the parallels AB, DE, 

diere/bre the angles BAD, ADE are equal to two right angles i (i. 29) 
but BAD is a right angle ; (constr.) 

therefore also ADE is a right angle; (ax. 3) 
but * the opposite angles of parallelograms axe e<vM\""^ ^^» "^^^ 

therefore each of the opposite angUt AB^ 'BEX> »\% «. v^fio^. w^^'^ ^ 
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wherefore the parallehgram ADEB is rectangular. 
And it has been demonstrated that it is equilateral; 
therefore ABU Is a squai^e, 

and it is described upon the given straight line AB. 



Q.E.P. 



Cor. Hence every parallelogram that has one right angle has all its 
angles right angles. 



PROP. XLVII.— Theorem. 

In any right-angled triangle, the square which is described upon the side 
svbtending the right angle, is equal to the squares described tqpon the sides 
which contain the right angle. 

(References— Prop. i. 4, 14, 31, 41, 46; ax. 2, 6, 11; def. 30.) 

Let ABC be a right-angled triangle, having the right angle BAC. 
Tben tbe square desorlbed vpon tbe side BO« sliall be 
equal to the squares described upon BA« AC 
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CONSTRUCTION 

On BC describe the square BDEC, (i. 46) 

and on BA, AC, the squares GB, HC; 

through A draw AL parallel to BD, or CE, (i. 31) and join AD, FC. 

DEMONSTRATION 

Then, because each of the angles BAC, BAG, is a right angle, (hyp., 

def. 30) 
the two straight lines AC, AG, upon the opposite sides of AB, make 

with it at the point A, the adjacent angles equal to two right angles; 

there/ore C A is in the same straight line unth AG ; (i. 14) 
for the same reason, 
AB and AH are in the same strai^^t Uiije. 
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And because the angle DRC is eqnal to the angle FBA, each of them 

being a right angle, (ax. 11) 
add to each the angle ABC, 

then the whole angle DBA is equal to the whole FBC. (ax. 2) 
Hence, in the two triangles ABD, FBC, 
because the two sides AB, BD, are equal to the two FB, BC, each to 

each, (def. 30) 
and the angle DBA eqnal to the angle FBC; 

therefore the base AD is equal to the base FC, 

and the triangle ABD to the triangle FBC. (i. 4.) 

Again, becaose the parallelogram BL and the triangle ABD are upon 

the same base BD, and between the same parallels BD, AL ; 

therefore the parallelogram BL is dovble of the triangle ABD ; (i. 41) 
and because the square GB and the triangle FBC are upon the same 

base FB, and between the same parallels FB, GC ; 

therefore the square GB is double of the triangle FBC; 
but the doubles of equals are equal to one another; (ax. 6) 

therefore the parallelogram BL is equal to the square GB. 

In the same manner, by joining AE, BE, it is proved that the paral- 
lelogram CL is equal to the square HC. 

Therefore the whole square BDEC is equal to the two squares GB, HC : 
(ax. 2.) 
and the square BDEC is described upon the straight line BC, 
and the squares GB, HC, upon BA, AC; 
wlierefore tbe sqiiare upon tbe side SCf Is equal to tbe 
squares upon tbe sides BA« AC. 
Therefore, in any right-angled triangle, &c. Q, £. D. 



PROP. XLVIIL— Theorem. 

If the square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of its 

then the angle contained by these two sides is a right angle, 
(References -Prop. i. 3, 8, 11, 47; ax. 1, 2.) 

Let the square described upon BC, one of the sides of the trian«gje 
ABC, be equal to the squares upon the other s\de«1&k^ KG, 
Tben tHe ang-ie 8AC sbaU be a rlsHX aa(i«\«% 
d3 
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OONSTRUCnON 

From the point A draw AD at right angles to AC, (i. 11) 
and make AD eqoal to B A, (i. 3) and join DC. 

DEMONSTRATION 

Then, because DA is equal to AB, 

die square of DA is equal to the square of AB; 
to each of these equals add the square of AC, 

therefore the squares of J)A, AC, are equal to the squares q/*BA, AC, 
(ax. 2) 
but because DAC is a right angle, (constr.) 

therefore the square o/DC is equal to the squares of 1>X, AC; (i. 47) 
and the square of EC is equal to the squares of BA, AC; (hyp.) 

therefore the square of DC is equal to the square of BC; (ax. 1) 

wherefore also the side DC is equal to the side BC. 

Hence, in the two triangles DAC, BAC, 

because the side DA is equal to the side AB, (coostr.) 

and AC common to both triangles, 

the two DA, AC, are equal to the two BA, AC, each to each, 

and the base DC has been proved to be equal to the base BC; 

therefore the angle DAC is equal to the angle BAC; (i. 8) 
but DAC is a right angle; (constr.) 

tberefore also BAG Is a riffbt angrle. (ax. I.) 
Therefore, if the square, &c. Q. E. D. 
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DEFINITIONS. 



Evert right-angled parallelogram, or rectangle, is siud to be contained 
by any two of the straight lines which contain one of the right angles. 

II. 

In every parallelogram, any of the parallelograms about a diameter, 
together with the two complements, is called a Gnomon. 



p 


y^ 


z. 





H 

* Thus the parallelogram HG, together with the complements AF, FC, 
is the Gnomon, which is more briefly expressed by the letters AGK, or 
EHC, which are at the opposite angles of the parallelograms which 
make the Gnomon.' 



PROP. I.— Theorem. 

If there be two straight Hnes, one of which is dioided into cmy number oj 
parts ; 

then the rectangle contained by the two straight lines, is equal to ihx. 
rectangles contained by the undivided line, and the seoerciX i^tU oi <^ 
divided line. 
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(References— Prop. i. 3, 11, 81, S4.) 

Let A and BC he two straight lines; and let BC be dlyided into any 

number of parts in D and £. 

Tlien the reotanyle contained by the strali^t Uiies A and 

BC Is equal to tbe reotanrle contained by A and BSf 

toyetber witb tbat contained by A and BB, aad A and 

BC. 

DE C 
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CONSTRUCTION 

From the point B, draw BF at right angles to BC, (i. 11) 

and make B6 eqaal to A ; (i. 3) 

through 6 draw GH parallel to BC ; (i. 31) 

and through the points D, £, C, draw DK, £1^, CH, parallel to EG. 

DEMONSTRATION 

Then the rectangle BH is equal to the rectangles BK, DL, EH; 
but because BH is contained bj GB, BC, 
and GB is equal to A ; (con&tr.) 

there/ore BH is contained by A and BC, 
and, because BK is contained by GB, BD, of which GB is equal to A, 

therefore BK is contained by A and BD ; 
and because DL is contained by DK and D£, 
and DK, that is, BG, (i. 34) is equal to A ; 

therefore DL is contained by A and DE ; 
and in like manner £H is contained by A and EC ; 

tberefore tbe rectangle contained by A and BC is eqnal 
to tbe several rectangles contained by A and BB, by A 
and BB, and by A and BC. 
Wherefore, if there be two straight lines, &c. Q £. D. 



PROP. IL— Theorem. 

If a straight line be divided into any two parts ; 
then the rectanyUs ctmtained by the whole and each of the parts are Uh 
ye/Aer equal to the squAre of the whole line. 



PROF. III.] 
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(References — Prop, i SI, 46} 
Let AB be divided into any two parts in C. 
Tben tbe reotangrle* contained by AB and BC, togetber 

witb tbe reotanyle contained by AB and AC* sball be 

equal to tbe square of AB. 

A JO B 
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CONSTRUCTION 

Upon AB describe tbe square ADRB, (l 46) 

and through C draw CF parallel to AD or BE. (i. 31.) 

DEMONSTRATION 

Then AE is eqnal to the rectangles AF, CE. 
But AE is the square of AB ; 

therefore the square of AB is equal to the rectangles AF, CE. 
But AF is contained by DA, AC, of which AD is equal to AB, 

(de£ 80) 

therefore AF is the rectangle contained hy AB, AC ; 
and CE is contained by AB, BC, since BE is eqnal to AB ; 

tberefore tbe rectangle contained by AB, AC, togetber 
witb tbe rectangle AB, BC, is equal to tbe square 
of AB. 
If, therefore, a straight Ime, &c. Q. E. D. 



PROP, in.— Theorem. 

If a straight line he divided into any two parts; 

then the rectangle contained hy the whole and one of the parts is equal to 
the rectangle contained by the two parts, together with the square of the 
aforesaid part. 

(References — Prop. i. 31, 46.) 

Let the straight line AB be divided into any two parts in the 
point C. 

* N.B. To avoid repeating the word contained too frequeaiLY,th« x«rX«si<^«i cKstv- 
tained by two itroiglit lines, AB and AC, U kometLcae)» tVm^Vi ca^<^ ^« x^xasw^'Sk 
AB,AC 
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Tbmi file reotangla AB, BC, sliall be e^nal 
angle ACv CB, toyetlier wltb tlie aqv 
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CONSTRUCTION 

Upon BC describe the square CDEB ; (l 46) 

produce £D to F ; and through A draw AF parallel to CD or BE. 
(I. 31.) 

DEMONSTRATION 

Then the rectangle A£ is equal to the rectangles AD, CE. 

But A£ is the rectaugie contained by AB, BE, of which BE is equal 

to BC, (def. 30) 

therefore AE is ihe rectangle contained by AB, BC ; 
and AD is contained by AC, CD, of which CD is equal to BC, 

therefore AD is contained hy AC, CB ; 
and C£ is the square of BC ; 

tberefore tbe reotangle ABf BCy la equal to tlie reetaafle 
AC, CB, togetber wifli tbe square of BC!. 
If, therefore, a straight line be divided, &c Q. E. D. 



PROP. IV. — Theorem. 

If a straight line he divided into any two parts; 

then the square of the whole line is equal to the squares of the two partSy 
together with twice the rectangle contained hy the parts. 

(References-— Prop. i. 5, 6, 29, 31, 34, 43, 46.) 
Let the straight line AB be divided into any two parts in C. 
Tben the square of AB sball be equal to tbe squares of 
AC, CB, toyetber wltb twice tbe rectangle AC, OB. 
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CONSTRUCTION 

Upon AB describe the square ADEB, (i. 46) and join DB; 

through C draw CGF parallel to BE or AD, 

and through G draw HGK paraUel to AB or DE. (i. 31.) 

DEMONSTRATION 

Then, because CF is parallel to AD, and BD falls upon them, 

therefore the exterior angle BGG is equal to the interior and* opposite 
angle ADB ; (l 29) 

but, because AB is Viqual to AD, being the sides of the square ADEB ; 
(de£ 30) 

therefore, the angle ADB is equal to the angle CBG ; (i. 5) 
and the angle CGB is therefore equal to the angle CBG ; (ax. 1) 
wherefore the side BC is equal to the side CG ; (i. 6) 

but CB is equal also to GK, and CG to BK ; (i. 34) 
therefore the figure CGKB is equilateral, (ax. 1.) 

It is likewise rectangular, 

for since CG is parallel to BE, and CB meets them, 

therefore the angles KBC, GCB, are equal to two right angles; (i. 29) 
but EBC is a right angle ; (def. SO) 

wherefore GCB is a right angle, 

and therefore also the opposite angles CGK, GKB, are right angles^ 
(1.34) 

wherefore the figure CGKB u rectangular; 
but it is also equilateral, as was demonstrated, 

tlierefore CGKB is a square ; 
and it is upon the side CB. 

For the same reason, also^ 

HF is a square^ 
and it is upon the side HG, which is equal to AC ; (i. 34) 

therefore HF, CK, are the squares of AC, CB. 

And, because the complement AG is equal to the complement GE, 

(I. 43) 
and that AG is the rectangle contained bj AC, CB, since GC is equal 

to CB; (def. 30) 

therefore also GE is equal to the rectangle AC, CB; 

wherefore AG, GE, are equal to twice the rectangle kC)^'^-^ 
and HF, CK, are the squares of AC, CB; 
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therefore the four figures HF, CK, AG, 6E, are equal to dit wqwvret 
of AC, CB, together with twice the rectangle AC, CB ; 
bat HF, CK, AG, GE, make up the whole figure ADEB, which is the 
square of AB ; 

tberefore tbe square of AB is equal to tlie sq:iuuree of 
AC, CB, and twiee tbe reotangle AC, CB. 
Wherefore, if a straight line, &c Q. E. D. 

Cor. From the demonstration, it is manifest that the parallelograms 
about the diameter of a square are likewise squares. 



PROP, v.— Theorem. 

ff a straight line be divided into two equal parts, and also into two 
unequal parts s 

then the rectangle contained by the unequal parts, together wiA the square 
of the line between the points of section, is equal to the square of half tite 
line, 

(References— Prop, l 31, 34, 36, 43, 46 ; n. 4, Cor.) 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts at the point D. 
Tben tbe reotangle AD, BB, togetber wltb tbe square of 
CB, sball be equal to tbe square of CB. 
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CONSTRtrcnON 

Upon CB describe the square CEFB, (i. 46) and join BE ; 
through D draw DHG parallel to CE or BF; (i. 31) 
through H draw KLM parallel to CB or EF; 
and through A draw AK parallel to CL or BM. 

DEMONSTRATION 

Then, because the complement CH is equai to the complement HF, 

(I. 43) 
to each of these add DM; 
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therefore the whole CM w equal to the whole DF ; 
but CM is equal to AL, (i. 36) because AC is equal to CB ; (hyp.) 

therefore also, AL is eqwU to DF ; 
to each of these equals add CH, 

therefore the whole AH is equal to DF and CH. 

But AH is contained by AD» DB, since DH is equal to DB ; 
and DF, together with CH, is the gnomon CMG ; 

therefore the gnomon CMG is equal to the rectangle AD, DB ; (ax. 1) 
to each of these equals add LG, which is equal to the square of CD, 

(u. 4, Cor.) since CD is equal to LH ; 

therefore the gnomon CMG, together with LG, is equal to the rectangle 
AD, DB, together with the square of CD; 
but the gnomon CMG and LG make up the whole figtire CEFB, which 

is the square of CB ; 

tberefore tbe reotangrle Al>, BB, togrefher wltb fhe square 
of CBv is equal to tbe square of CB. 
Wherefore, if a straight line, &c Q. R D. 

Cor. From this proposition it is manifest that the difference of the 
squares of two unequal lines AC, CD, is equal to the rectangle con- 
tained by their sum and difference. 



PROP. VL— Theorem. 

If a straight line be bisected, and produced to any point; 

then the rectangle contained by the whole line thus produced, and the pari 
of it produced, together with the square of half the line bisected, is equal to 
the square of the straight Une which is made up of tlie half and the part 
produced, 

(References— Prop. i. 31, 36, 43,46; 11. 4, Cor.) 

Let the straight line AB be bisected in C, and produced to D. 
Tlien tbe rectangle AD, BB, toiretber wltb tbe square of 
BC, sball be equal to tbe square of CB. 

CONSTRUCTION 

Upon CD describe the square CEFD, (i. 46) and join DE ; 
thioogfa B draw BHG parallel to CE or DF; (i. 31) 
through H draw KLM parallel to AD or EF; 
fmd through A dnw AK parallel to CL or I>^ 
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DESfONSTRATION 

Because AC is equal to CB, (hyp.) 

therefore the reetangU AL is equal to CH, (l 36} 
^ut CH is equal to HFj (i. 43) 

Aerefore oho AL is equal to HFj 
to each of these add CM ; 

therefore the whole AM is equal to the gnomon CMG. 

But AM is the rectangle contained hy AD, DB, since DM is equal to 

DB; (11. 4, Cor.) 

therefore the gnomon CMG is equal to the rectangle AD, DB ; 
add to each of these LG, which is equal to the square of CB ; 

•Aerefore the rectangle AD, DB, together with the square of CB, is eputl 
to the gnomon CMG, and the figure LG; 
but the gnomon CMG and LG make- up the whole figure CEFP, which 

is the square of CD; 

Iherefore tbe reetangrle AB, BB, togretber wltb tbe square 
of CB, to equal to fhe sqnare of CB. 
Wherefore, if a straight line, &c. Q. E. D. 



PROP. VIL— Theorem. 

If a straight line be divided into any two parts ; 

then the squares of the whole line and of one of the parts, art equal to 
twice the rectangle contained by the whole and that part, together wiA ^ 
square of the other part. 

(References — Prop. i. 31, 34, 43, 46 ; n. 4. Cor.) 

Let the straight line ABbe divided into any two parts in th« point C. 

THen the squares of ilB, BC, sbsOl be equal to twtoe 

tbe rectangle AB, BC« toseUiev 'wiiSki ^Qaa wcojtat^ «C AA 
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CONSTRUCTION 

tlpoiir AB describe the square ADEB, (i. 46) and join BD ; 
through C draw CGF parallel to AD or BE, (i. 31) 
and through G draw HGK parallel to A B or DE. 

DEMONSTRATION 

Then, because AG is equal to GE, (i. 43) 
add to each of them CK ; 

therefore the whole AK is equal to the whole C£ ; 
and therefore AK, CE, are double of AK ; 
but AK, CE, are the gnomon AKF, together with the square CK, 
therefore the gnomon AKF, together with the square CK, is double of 
AK; 
but twice the rectaqgle AB, 6C, is double of AK, for BK is eqnal to 
BC; (n. 4, Cor.) 

therefore the gnomon AKF, together with the square CK, is equal to 
twice the rectangle AB, BC ; 
to each of these ec^uals add HF, which is equal to the square of AC ; 
therefore the gnomon AKF, together with the squares CK, HF, is equal 
to twice the rectangle AB, BC, and the square of AC ; 
but the gnomon AKF, together with the squares CK, HF, make up 
the whole figures ADEB and CK, which are the squares of AB 
andBC; 

therefore fhe squares of AB and BC are equal to twice 
tbe reotanffle AB, BC, togretber with the square of 
AC. 
Wherefore, if a straight line, &c. 



Q.E.D. 



PROP. VIII.— Theorem. 

If a straight line be divided into any two parts ; 

then four times the rectangle contained by the toKole line, and. oue oj <V^ 
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parts, together with the square of the other part, is equal to the wquan of 
the straight line which is made up of the whole and thai part 

(References — Prop. i. 3, 3l« 34, 36, 43, 46 $ ii. 4, Cor.) 

Let the straight line AB be dividM into any two parts in the 
point C. 

Tben four times fhe rectanple AB, BC, toffetber wUh 
tlie square of AC* sball be equal to tlie square of 
tbe fttraiffht line made up of iliB and BC tecettaer. 
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CONSTBUCtlON 

I^rodace AB to D, so that BD be equal to CB ; (L 3) 
upon AD describe the square AEFD ; (i. 46) 
and construct two figures such as in the precedmg. 

DEMONSTRATION 

Then, because CB is equal to BD, (constr. ) 

and that CB is equal to GK, and BD to KN ; (i. 34) 

therefore GK is equal to KN ; 
for the same reason, PR is equal to RO ; 
and because CB is equal to BD, and GK to KN, 

therefore the rectangle CK is equal to BN, and GB to RN ; (i. 36) 
but CK is equal to RN, because they are the complements of the 

parallelogram CO ; (i. 43) 

therefore also BN is equal to GR, 

and therefore the four rectangles BN, CK, GR, RN, are eqnml to one 
another^ and so cure quadruple of one of them, CK. 

Again* because CB is equal to BD, 

and that BD is equal to BK, that is CG ; (i. 34) 

and because CB is equ il to GK, that is GP ; 

therefore CG is equal to GP ; 
and because CG is equal to GP, and PR to RO, 
Me rectangle AG is equal to MP, and Pli to 'B.'S \ 
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but MP is equal to PL, because they are the oomplements of the 

parallelogram ML ; (i. 43) 
and AG is equal to RF ; 

therefore the four rectangles AG, MP, PL, RF, are equal to one another, 
and so are quadruple of one ofthenh AG. 
And it was demonstrated that the four CK, BN, GR, and RN, are 
quadruple of CK ; 

therefore the eight rectangles which contain the gnomon AOH, are quad" 
ruple of AK, 

And because AK is the rectangle contained by AB, BC, for BK is 
equal to BC, 

therefore four times the rectangle AB, BC, is qmdrujik of AK ; 
but the gnomon AOH was demonstrated to be quadruple of AK ; 
therefore four times the rectangle AB, BC, is equal to the gnomon 
AOH ; 
to each of these add XH, which is equal to the square of AC ; (ii.4, Cor.) 
therefore four times the rectangle AB, BC, together with the square of 
AC, is equal to the gnomon AOH, and tlie square XH ; 
but the gnomon AOH and XH make up the whole figure AEFD, which 
is the square of AD ; 

tberefinre Amr times tbe reotangle ABf 8Cf toyetlier 
wltli tlie pqnare of AC. is equal to tbe pqnare of 
AV, 
tbat to, of AB and 8C added tofetl;ier in one atralf bt 



TVherefore, if a straight line, &c. Q. £. D. 



PROP. IX.~TH£0BE]f. 

If a straight Une be divided into two equal and also mto two unequal 
parts; 

then the squares of the two unequal parts are together double of the 
square of half the Une, and of the square of die line between the points of 
section, 

(Reference— Prop. i. 8, 5,6, 11, 29, 31, 82, 84,47.) 

Let the straight line AB be dirided into two equal parts in the \i9iiLt 
Cg and into two uneqpal parts in the point D. 
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TiMB the squares of AD, BB, sball be to^mtbmr doalito «f 
tba squares of AC* CB. 



/^i-V 



*'i 



\ 



A C D B 

CONSTRUCTION 

From the point C draw CE at right angles to AB, (l 11) 
and make it equal to AC or CB, (i. 3) and join EA, £B ; 
through D draw DF parallel to CE, (i. 31) meeting EB in F ; 
and through F draw FG parallel to AB ; and join AF. 

DEMONSTRATION 

Then, because AC is equal to CE, (constr.) 

the angle EAC is equal to the angle AEC ; (i. 5) 
and because the angle ACE is a right angle, 

the angles AEC, EAC, together make one right angles (x. 32) 
and they are equal to one another ; 

therefore each of the angles AEC, EAC, is half a right angh. 
For the same reason each of the angles CEB, EBC, is half a right 

angle; 

therefore the whole AEB is a right angle. 

And, because the angle GEF is half a right angle, 

and EGF a right angle, for it is equal to the interior and opposite angle 

ECB, (I. 29) 

the remaining angle EFG is half a right angle ; 

therefore the angle GEF is equal to the angle EFG, 

wherefore the side EG is equal to the side GF. (l 6.) 
Again, because the angle at B is half a right angle, 
and FDB a right angle, for it is equal to the interior and opposite aogU 

ECB, (1.29) 

the remaining angle BFD is half a right angle ; 

therefore the angle at B is equal to the angle BFD, 

wherefore the side DF is equal to the side DB. (i. 6.) 

And because AC is equal to CE, 
the sguare of AC is equal to the square of CE,^ 
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therefore the squares q/" AC, CE, are doubk of ike square of AC; 
but b^caose ACE is a right angle 

the square of EA is equal to the squares of AC, CE, (i. 47) 
therefore the square of "E A. is double of the square of AC, 

Again, because EG is equal to GF, 

the square of EG is equal to the square of GF, 

therefore the squares of EG, GF, are double of Hie square of GF ; 
but the square of EF is equal to the squares of EG, GF ; (l 47) 

therefore the square ofEFis double of the square qf QF; 
and GF is equal to CD ; (i. 34) 

therefore the square ofEFis double of the square of CD ; 
hut the square of E A is likewise double of the square of AC ; 

therefore the squares ofEA, EF, are double of the squares of AC, CD. 

And because AEF is a right angle, 
the square of AF is equal to the squares of AE, EF, (l 47) 
therefore the square of AF is double of the squares of AC, CD ; 
but the squares of AD, DF, are equal to the square of AF, because 
ADF is a right angle, (l 47) 
therefore the squares of AD, DF, are double of the squares of AC, 
CD; 
and DF is equal to DB; 

therefore tlie pquares of AD, BB, are double of tbe 
squares of AC, CB. 

Therefore if a straight line, &c Q. K D. 



PROP. X.— Theorem. 

If a straight line be bisected, and produced to any point s 
then the square^ of the whole line thus produced, and the square of the 
part of it produced, are together double of the square of half the line 
bisected, and of the square of the line made up of the half and the part 
produced, 

(References— Prop. i. 5, 6, 11, 15, 29, 31, 32, 34, 46 Cor. 47.) 

Let the straight line AB be bisected in C, and produced to the 
point D. 
Thton tbe squares of AB, BB, sball be double of tbe 
pquares of AC, CB« 
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CONSTRUCTION 



From the poiot C draw CE at right angles to AB ; (z. 11) 

make it equal to AC or CB, (i. 3) and join AE, EB ; 

through E draw £F parallel to AB, (i. 31) 

and throngh D draw DF parallel to CE. 

Then because the straight line £F meets the parallels EC, FI>, 

the angles CEF, EFD, are equal to two right angles ; (i. 29) 

therrfore the angles BEF, EFD, are Use than two right angles ; 
but * straight lines which with another straight line make the interior 

angles upon the same side less than two right angles, do meet if pnh 

dnced fSar enough ;* (ax. 12)' 

therefore EB, FD, vnll meet^ if produced towards B tfnd D ; 
let them meet in G, and join AG. 

DEMONSTRATION 

Then, because AC is equal to CE, 

the angle CE A is equal to tJie angle EAO ; (l j5) 
and the angle ACE is a right angle, 

therefore each of the angles CEA, EAC, is half a right angle, (l 8J.) 
For the same reason each of the angles CEB, EBC, is half a ri^ 

angle; 

therefore the whole AEB is a right angle. 

And because EBC is half a right angle, 

the angle DBG which is verticaily opposite is also half a right angk, 
(I. 15.) 

but BDG is a right angle, because it is equal to the alternate angle 

DCE ; (I. 29.) 

therefore the remaining angle DGB is half a right angles and is 
therefore equal to the angle DBG ; 

wherefore also the side BD is equal to the side DG. (l 6.) 
Again, because EGF is half a right angle, 
and that the angle at F is a right angl^ beca^^e it if equfd to the 

opposite angle ECD, (l 34.) 
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the angle F&O is half a right angle, and therefore equal to the 

angle EGF ; 
wherefore aJso the side GF is eqtud to the side FF 

And because EC is equal to CA, 

the square of EG is ^qual to the square of CA ; 

therefore the squares of EC, CA, are double of the square ofCA; 
but the square of EA is equal to the squares of EC, C A ; (i. 47) 

therefore the square of E A is double of the square of AC. 

Again, because GF is equal to EF, 

the square of GF is equal to the square of EF ; 

and therefore the squares ofGF, FE, are double of the square q/'EF; 
but the square of EG is equal to the squares of GF, EF; (i. 47} 

therefore the square o/*EG is double of the square o/*EF; 
and EF is equal to CD ; (i. 84) 

wherefore the square of "EG is double of the square of CD ; 

But it was demonstrated that the square of EA is double of the square 

ofAC; 

therefore the squares of AE, EG, are double of the squares of AC, CD; 
but the square of AG is equal to the squares of AE, EG ; (i. 47) 

therefore the square of AG is double of the squares of AC, CD ; 
but the square of AG is also equal to the squares of AD, DG ; (i. 47 '^ 

therefore the squares of AD, DG, are double of the squares of AC, CD ; 
but DG IS equal to DB ; 

ttierefore tbe squares of AB, B^f im^ double of tbe 
squares of AC, CD. 
Wher^fore^ if a straight line, &c. 



PROP. XL— Problem. 

Tq divide a given straight line into two parts, so that the rectangle con- 
tained by the whole and one of the parts shaB be equal to the square of the 
other part 

(References — Prop, l 8, 10, 46, 47 ; n. 6) 

Let AB be the given straight line. 

It is required to divide AB into two paxlft, eo iSmlX. <)i\^ t^^iXaaj^^ 

s 
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containM by the whole and one of the parts shall be equal to the square 
of the other part 



CONSTRtronON 

Upon AB describe the square ABDC ; (i. 46) 

bisect AC in £, (i. 10) and join BE ; 

produce C A to F, and make £F equal to £B ; (i. 3) 

and upon AF describe the square FGHA. (i. 46.) 

Tben AB sball be divided in B, so tbat tbe rectangle AB. 

BMt is equal to the sqnajre of AB. 
Produce GH to K. 

DEMONSTRATION 

I 

Then, because the straight line AC is bisected in £, and produced to 
the point F, 

t^ rectangle CF, FA, together with the square of AE, is equal to the 
square of EY; (iL 6) 
but EF is equal to EB ; 

therefore the rectangle CF, FA, together with the square q/* AE, m equal 
to the square q/*EB; 
and the squares of BA, AE, are equal to the square of EB, (i. 47) 
because the angle EAB is a right angle ; 

therefore die rectangle CF, FA, together with the square of AE, is equal 
to the squares of BA, AE ; 
take away the square of AE, -which is common to both ; 

therefore the remaining rectangle CF, FA, is equal to the square of AB, 

But the figure FK is the rectangle contained by CF, FA, since AF is 

equal to FG; (def. 30) 
and AD is the square of AB ; 

therefore the figure FK is equal to AD ; 
take away the common part AK, 
and the remainder FH is equal to tht remainder "HXi ♦, 
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but HD is the rectangle contained by AB, BH, for AB is equal to BD ; 

and FH is the square of AH ; 

tlierefore tbe rectangrle AB, BB, Is equal to tbe sguare of 



Wherefore the straight line AB is divided in H, so that the rectangle 
AB, BH, is equal to the square of AH. Q. £. F. 



PROP. XII.— Theorem. 

In obttise-angled triangles, if a perpendicular be drawn from either of 
the acute angles to the opposite side produced; 

then the square of the side subtending the obtuse angle is greater than the 
squares of the sides containing the obtuse angle, by twice the rectangle con- 
tained by the side upon which, when produced, the perpendicular falls, and 
the straight line intercepted without the triangle between the perpendicular 
and the obtuse angle, 

(References — Prop. 1. 12, 47 ; ii, 4.) 

Let ABC be an obtuse-angle triangle, having the obtuse angle ACB; 
and from the point A let AD be drawn perpendicular to BC produced. 
(I. 12.) 

THen tbe square of iLB sliall be grreater tban tbe squares 
of JLC, CB, by twice tbe rectangle BC, CD. 



DEMONSTRATIOW 

Because the straight line BD is divided into two parts in the point C, 
the square of BT) is equal to the squares of BC, CD, and twice the rect- 
angle BC, CD ; (n. 4) 
to each of these equals add the square of DA ; 

then the squares ©/"BD, DA, are equal to the squares ofBC, CD, DA, 
and twice the rectangles BC, CD ; 
but the square of B A is equal to the squares oi "Kl>,\> kA^- Vi^'^^'^'^^^ 
the angle at D is a right angle ; 

E 2 
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and the square of CA is equal to the squares of CD, DA ; (l 47) 
therefore the square of B A is equal to tlie squares of BC, GA, and twice 

the rectangle BC, CD; 
tbat toy fhe square of BA to greater tban tlie aqnaret of 
8Cy CJkf by twiee tbe reotangle BC* CP> 
Wherefore, in obtuse-angled triangles, &;c. Q. E. D. 



PROP. XIII.— Theorem. 

In every triangle, the square of the side subtending either of the acutt 
angles, is less than the squares of the sides containing that angle, by twice 
the rectangle contained by either of those sides, and the straight Une inter- 
cepted between the perpendicular let fall upon it from the opposite angk, 
and the acute q,ngle, 

(References — Prop, l 12, 16, 47 ; n. 3, 7, 12.) 

Let ABC be any triangle, and the angle at B one of its acute angles; 

and upon BC, one of the sides containing it, let fall the perpendicular 

AD from the opposite angle, (l 12.) 

Tben tbe square of AC opposite to tbe angrle B, sbaU be 

less tban tbe squares 9% CB, BA* by twice tbe reotanrle 

CB, BB, 



DEMONSTRATION 

First, Let AD fall within the triangle ABC. 

Then, because the straight line CB is divided into two parts in the 
point D, 

the squares of QB, BD, are equal to twice the rectangle contained by 
CB, BD, and the square of DC ; (11. 7) 
to each of these equals add the square of AD ; 

therefore the squares of CB, BD, DA, are equal to twice the rectangle 
CB, BD, and the squares of AD, DC ♦, 
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but tlie square of AB is equal to the squares of BD, DA, (l 47) because 

the angle BD A is a right angle ; 
and the square of AC is equal to the squares of AD, DC ; 

therefore the squares of CB, B A, are equal to the square of AC, and 
twice the rectangle CB, BD ; 

tliat is, tlie square of AC alone is less tban tbe squares 
of* OB, BAy by twice tb^ rectangle CB, BB. 

Secondly^ Let AD &11 without the triangle ABC. 



Then, because the angle at D is a right angle, 

the angle ACB is greater than a right angle ; (i. 16) 
and therefore the square of AB is equal to the squares of AC, CB, and 
twice tlte rectangle BC, CD; (n. 12) 
to each of these equals add the square of BC, 

then the squares of AB, BC, are equal to the square of AC, and twice 
the square of BC, and twice the rectangle BC, CD ; 

bat because BD is divided into two parts in C, 

the rectangle DB, BC, is equal to the rectangle BC, CD, and the square 

of BC; (n. 3) 
and the doubles of these are equal ; * 

that is, twice the rectangle DB, BC, is equal to twice the rectangle 

BC, CD, and twice the square of BC; 
therefore the squares of AB, BC, are equal to the square of AC, and 

twice the rectangle DB, BC; 
wberefore the square of AC alone is less tban the squares 

of AB, BC, by twice the rectangle BB, BC. 

Lastly^ let the side AC be perpendicular to BC. 
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DBXON8TSATION 

Then BC is the straight line between the perpendicnlar and the acute 

angle at B ; 
and it is manifest that the squares of AB, BC» are equal to the square 

of AC, and twice the square of BC. 
Therefore, in every triangle, &;c. Q. E. D. 



PROP. XIV.— Problem. 

To describe a square that shall be equal to a given rectilineal figure. 

(References— Prop. i. 3, 10, 45, 47; n. 6.) 

Let A be the given rectilineal figure. 

It is required to describe a square that shall be equal to A. 




CONSTRUCTION 

Describe the rectangular parallelogram BCDE equal to th,e rectilineal 

figure A. (i. 45.) 
If, then, the sides of it, BE, ED, are equal to one another, i^ is a square, 

and what was required is now done. 
But if they are not equal, produce one of them, BE to F, and make EF 

equal to ED ; 
bisect BF in G, (i. 10) and from the centre G, at the distance GB, 

or GF, describe the semicircle BHF, 
produce DE to meet the circumference in H. 
Tben tbe square described upon SB sball be equal to the 

flTiven rectilineal figure A, 
Join GH. 

DEMONSTRATION 

Because the straight line BF is divided into two equal parts in the point 
6> and into two unequal parts in E, 
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the rectangle ^E, £F, together with the eqtiare of EG, is equal to the 
square o/QY; (n, 5) 
bnt 6F is eqnal to 6H; (de£ 15) 

thertfore the rectangle BE, £F, together with the square of EG, is equal 
to the square of 6H j 
bat the squares of HE, iBG, are eqaal to the square of GH ; (l 47) 
therefore the rectangle BE, EP, together with the square of EG, is equal 
to the squares o/H£, EG ; 
take away the square of EG, which is conimon to both, 

and the remaining rectangle BE, EF, is equal to the square of EH. 

But the rectangle contained by BE, EF, is the parallelogram BD, 

because EF is equal to ED $ 

iherefore BD is equal to the square of EB, ; 
but BD is equal to the rectilineal figure A ; 

tlierefbre the reetUlneal fkgnre A. Is equal to file square 
of an. 
YTherefore a square has been made equal to the given rectilineal figure 

A —viz., the square described upon EH. Q. E. F. 
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DEFINITIONS. 



Equal circles are those of which the diameters are equal, or from the 
centres of which the straight lines to the circumferences are equaL 




II. 

A straight line is said to touch a circle when 
it meets the circle, and being produced does not 
cut it. 



III. 

Circles are said to touch each other which meet, but do not cut each 
other. 




IV. 

Straight lines are said to be equally distant from the 
\./ centre of a circle, when the perpendiculars drawn to 
them from the centre are equal 



And the straight line on which the greater perpendicular falls, is said 
to be farther from the centre. 



VI. 

A segment of a circle is a figure contained by a 
straight line, and the clTcu.mference which it cuts oS, 



DEFimnoiis.^ 
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The angle of a aegment is that which is contuned by the straight line 
and the circoxnfereQce. 



VIII. 

An angle in a segment is the angle contained by 
two straight lines drawn from any point in the circam- 
ference of the segment, to the extremities of the straight 
line which is the base of the segment 




IX. 

An angle is said to insist or stand upon the circumference intercepted 
between the straight lines that contain the angle. 



A sector of a circle is the figare contained by two 
straight lines drawn fh)m the centre, and the circum- 
ference between them* 




XL 

Similar segments of circles are those 
in which the angles are equal, or which 
contain equal angles. 




^ 



BS 
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PROP. L— Problem. 

To find the centre of a given ctrelt. 

(References— Prop. i. 8, 10, 11.) 

Let ABC be the given circle. 
It is reqoired to find its centre. 




CONSTRUCTION 

Draw within the circle any straight line AB, and bisect AB in T) ; 

(I. 10) 
from the point D draw DC at right angles to AB (l 1 1), prodnce it to 

E, and bisect C£ in F. 
Tben tbe point 7 sliall be tbe centre of tbe elrole JkBO. 

DEMONSTRATION 

For, if it be not, let, if possible, G be the centre, and join GA, GD, 

GB. 
Then, because DA is equal to DB,, (coQS<ir.):and DG common to the 

two triangles ADG, BDG, 
the two. sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is assumed to be equal to the base GB, (i. def. 15) 

because they are drawn from the centre G ; 

therefore the angle ADG must be equod to the angle GDB ; (i. 8) 
but ' when a straight line standing upon another straight line makes the 

adjacent angles equal to one another, each of the angles is a right 

angle;' (i. def. 10) 

therefore the angle GDB must be a right angle ; 
but FDB is a right angle ; (constr.) 

wherefore the angle FDB must be equal to the angle GDB, 
the greater to the less, which is impossible ; 

therefore G is not the centre of the circle ABC. 
In the same manner it can be shown, that no other point but F is the 

centre ; 
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tberefore F to fbe centre of tbo otoole ABC* 

'Which was to be found. 

Cor.— From this it is manifest, that if in a circle a straight line bisect 
another at right angles, the centre of the circle is in the line which 
bisects the other. 



PROP. IL— Theorem. 

If any two points be taken in the circumference of a circle, the straight 
Une which joins them shall faU within the circle. 

(References — Prop, l 5, 16, 19 ; hl 1.) 
Let ABC be a circle, and A, B, any two points in the circumference. 
Tben fbe atralglit Une drawn from A to B aball flEOl 
wltbln the circle. 




CONSTRUCTION 

Find D the centre of the circle ABC, (m. 1) and join AD, DB ; in 

the circumference AB take any point F ; 
join DF, and let it cut the straight line AB in £. 

DEMONSTRATION 

Because DA is equal to DB, (i. def. 15) 

the angle DAB is equal to the angle DBA ; (l 5) 
and because AE, a side of the triangle DAE, is produced to B, 

the exterior angle DEB is greater than the interior and opposite angle 
DAE i (l 16) 
but the angle DAE was proved to be equal to the angle DBE ; 

therefore the angle DEB is also greetter than the angle DBE ; 
but to the greater angle the greater side is opposite ; (l 19) 

therefore DB is greater than DE ; 
but DB is equal to DF; (i. def. 15) 
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therefore DF is greater than D£, 
wherefore the point £ Ues within the circle. 

In the same manner it may be proved that every point in AB Ues 
within the circle ; 
tberefbre the straifflit line A8 lies wltbln tbe circle. 

Wherefore, if any two points, &c. Q. E. D. 



PROP. III.— Theorem. 

If a straight line drawn through the centre of a circle bisect a straight 
line in it which does not pass through the centre, it shall cut it at right 
angles ; and conversely f if it cut it at right angles, it shaU bisect it. 

(References — Prop. i. 5, 8, 26 ; ni. 1.) 

Let ABC be a circle, and let CD, a straight line drawn through the 
centre, bisect any straight line AB, which does not pass through the 
centre, in the point F. 

Then CD ebail cut AB at riffht angrlee. 
c 




D 
CONSTRUCTION 

Take E the centre of the circle (m. 1), and join EA, EB. 

DEMONSTRATION 

Then, because AF is equal to FB (hyp.), and FE common to the two 

triangles AFE, BFE, 
there are two sides in the one equal to two sides in the other, each to 

each ; 
and the base EA is equal to the base EB ; (i. def. 15) 

therefore the angle AFE is equal to the angle BFE ; (i. 8) 
but *when a straight line standing upon another straight line makes the 

adjacent angles equal to one another, each of them is a right angle;' 

Cl def. 10) 
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therefore each of the angles AFE, BFE, is a right angle; 
wberefinre tlie stralflrlit line cn, drawn tbrouirli tbe centre, 

biseotlnff anotber AB that does not pass tbronirli tbe 

eentret eata the same at rifht anffles. 

Bat let CD cut AB at right angles. 
Then CB shall also bisect itt that is, iLX* shall be equal 
tors. 

The same constraction being made ; 

because EA, £B, from the centre are equal to one another, 

the angle EAF is equal to the angle EBF ; (i. 5) 
and the right angle AFE is equal to the right angle BFE ; (l def. 

10) 
hence, in the two triangles EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each; 
and the side EF, which is opposite to one of the equal angles in each, is 

common to both ; 

therefore the other sides are equal; (i. 26) 

therefore AF is equal to F8. 
Wherefore, if a straight line, &c. Q. E. D. 



PROP. IV.— Theorem* 



If in a circle two straight lines cut one another which do not, both pass 
through the centre, they do not bisect each other, 

(Eeferences — Prop. iii. 1, 3.) 

Let ABCD be a circle, and AC, BD, two straight lines in it which 
cut one another in the point £, and do not both pass through the 
centre. 

Then AC, BB, shall not bisect one another. 

CONSTRUCTION 

For, if it be possible, let AE be equal to EC, arid BE to ED. 

If one of the lines pass through the centre, it is plain that it cannot be 

bisected by the other which does not pass through the centre: 
but if neither of them pass through the centre, 
take F the centre of the circle, (iii. 1) and^oin lEilf . 
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DEMON8TBATION 

Because F£, a straight line through the centre, is assomed to biiert 

another AC which does not pass through the centre, 

therefore it must cut it at right angles; (in. 3) 

wherefore FEA must he a right angle. 
Again, because the straight line F£ is assumed to bisect the stiaij^ 

line BD which does not pass through the centre, 

therefore it must cut it at right angles ; (in. 3) 

wherefore FEB must he a right angle ; 
but FEA was shown to be a right angle ; 

therefore FEA must he equal to the angle FEB, 
the less to the greater, which is impossible; 

tberefore AC, BD, do not bisect one aaotlier. 
Wherefore, if in a circle, &c. Q. E. D. 



PROP, v.— Theorem. 

Iftivo circles cut one another, they shaU not have the same centre. 

(References — i. def. 15.) 

Let the two circles ABC, CDG, cut one another in the points B, C. 

Then they eliall not bave the same oentre. 

C 




For, if it be possible, let £ be their centre ; join EC, and dmw any 
straight line EFG meeting tliem in F ^Liid G. 
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DEMONSTRATION 

And because £ is assumed to be the centre of the circle ABC, 

EC must be equal to EF ; (i. def. 15) 
again, because E is assumed to be the centre of the circle CDG, 

EC must be equal to EG ; 
but EC was shown to be equal to EF ; 

therefore EF must be equal to EG ; 
the less to the greater, which is impossible ; 

tberefore B la not the centre of tbe olrolea ABC, CDO^ 
AlVherefore, if two circles, &c. Q. E. D. 



PROP. VL— Theorem. 

If one circle touch another internally, they shall not have the same 
centre. 

(References — L def. 15.) 

Let the circle CDE, touch the circle ABC internally in the 
point C. , 

Then they abalt not have the same centre. 




construction 
For, if they can, let the centre be F ; join FC, and draw any straight 
line FEB meeting them in E and B. 

demonstration 
Because F is assumed to be the centre of the circle ABC, 

therefore CF must be equal to FB ; (i. def. 15) 
also, because F is assumed to be the centre of the circle CDE, 

therefore CF must be equal to FE; 
but CF was shown to he equal to FB ; 
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therefore F£ must be equal to FB ; (ax. l) 
the less to the greater, which is impossible ; 

wberefore 7 Is not tbe centre of tbe droles ABC* CDS. 
Therefore, if two circles, &c. Q. £. D. 



PROP. VIL— Theorem. 

If any point be taken in the diameter of a circle, which is not tke 
centre ; 

then of all the straight lines which can be drawn from it to the circum- 
ference, the greatest is that in which the centre is, and the other part of 
that diameter is the least; and, of any others, that which is nearer to the 
line which passes through the centre is always greater than one more remote; 
and from the same point there can be drawn only two straight lines to the 
circumference that are equal to each other, one upon each side of the shortest 
line. 

(References— Prop, l 4, 20, 23, 24.) 

Let A6CD be a circle, and AD its diameter, in which let any point 
F be taken which is not the centre ; let the centre be E. 

Tben of all the stralffbt lines FB» FC, FCK Act tbat ean 
be drawn from F to tbe olreumferenee, FiL wbieb pauef 
tbrouffb tbe centre, sball be tbe greatest i 

and FDf tbe otber part of tbe diameter AB, sball be tbe 
least I 

and of tbe otbers, FB, tbe nearer to FJlL, sball be greater 
tban TO, tbe more remote ) and FC greater tban FCh 




CONSTRUCTION 



JojD BE, CE, GE. 
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DEMONSTBATIOy 

Because two sides of a triangle are greater than the third, 

diertfareBE, £F, are greater than BF; (i. 20) 
but AE is equal to EB ; (i. def. 15) 

therefore AE, £F, that is AF, ie greater than BF. 

Again, in the triangles BEF, CEF, 

because BE is equal to CE, and EF commo^i to both, 

the two sides BE, EF, are equal to the two CE, EF, each to each ; 

but the angle BEF is greater than the angle CEF ; (ax. 9) 

therefore the base BF is greater than the base CF; (i. 24) 

for the same reason, CF'is greater than GF. 

Again, because GF, FE, are greater than EG, (l 20) and EG is equal 

to ED; 

therefore GF, FE, are greater than ED> 
take away the common part FE, 

and the remainder GF is greater than the remainder FD ; (ax. 5) 

UMrefbre 7A im tbe greatest of all the atraiglit lines firom 

1* to the eironmfDrencef 
and FD to the least i 
and BF to greater than CFt and OF than OF. 

Also there can be drawn only two equal straight lines from the point 
F to the circumference, one upon each side of the shortest line FD. 

CONSTRUCTION 

At the point E, in the straight line EF, make the angle FEH equal to 
the angle GEF, (i. 23) and join FH. 

DEMONSTRATION 

Then in the triangles GEF, HEF, 

because GE is equal to EH, (l def. 15) and EF common to both, 

the two sides GE, EF, are equal to the two HE, EF, each to each ; 

and the angle GEF is equal to the angle HEF ; (constr.) 
therefore the base EG is equal to the base FH ; (i. 4) 

but besides FH, no straight line can be drawn from F to the circum- 
ference equal to FG ; 

for, if there can, let it be FK ; 

and because FK is assumed to be equal to FG, and FG is equal to FH, 
therefore FKjmust be equal to FH •, (ax. X) 
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that is, a line nearer to that vhich passes throogh the centre* is equal 

to one which is more remote; 
which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q^ E. D. 



l^ROP. VIIL— Theorem. 

If any point be taken withtmt a circle, and straight Unea be draHtmfnm 
it to the circumference, whereof one paseea through the centre ; 

then of those which faU vpon the concave circum/erenee, the fffeait&l it 
that which passes through the centre ; and of the rest, that which is nearer 
to the one passing through the centre, is always greater than one mart 
remote ; but of those which fall upon the convex cireumference, dke least 9 
that between the point without the circle and the diameter ; and of the red 
that which is nearer to the least is always less than one more remote ; cad 
only two equal straight lines can be drawn from the same point to Ifte 
circumference, one upon each side of the line which passes through At 
centre. 

(References — Prop. t. 4, 20, 21, 23, 24 ; m. 1.) 

I«et ABC be a circle, and D any point without it, fh>m which let the 

straight lines DA, DE, DF, DC, be drawn to the eircomferenes 

whereof DA passes through the centre. 

Then, of tboee wUeli fUl upon tbe ooneaTe part of ffee 

dreumfbrenoe iLBFC, AD wblcb passes tliroiig:]i tlie 

centre sball be tbe greatest | and tbe nearer to it Is 

always greater tban tbe more remote, wls^ Hm than 

D7, and DF tban DC* 

but of tbose wblcb foil upon tbe convex droumference 
BabXO, tbe least sball be DO between tbe point D and 
tbe diameter £lO i and tbe nearer to it is alwaya less 
tban tbe more remotCf viz., DIL tban D&f and D& tban 
1>H. 
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CONSTRUCTION 

Take M the centre of the circle ABC. (m. 1) and join ME, MF, MC, 
MK,ML,MH. 

DEMONSTRATION 

And because AM is equal to EM, , 

add MD to each, 

tker^ore AD is equal to EM, MD ; (ax. 2) 
but EM, MD, are greater than ED ; (i. 20) 

thertfore cdao AD is greater than ED. 

Again, in the triangles EMD, FMD, 

becaose ME is equal to MF, and MD common to both, 

EM, MD, are equal to FM, MD, each to each, 

but the angle EMD is greater than the angle FMD ; (ax. 9) 
therefore the base ED is greater than the base FD. (l 24.) 

In like manner it may be shown that FD is greater than CD ; 
tHerefdre DA Is the greatest liner 
mud BB Is greater tliaii DF» ana B7 tban BC. 

And because MK, KD, are greater than MD, (i. 20) 
and ME is equal to MG, (i. def. 15) 

the remainder KD is greater than the remainder GD ; (ax. 5) 

Oat is, 6D is less than KD ; 
and because ME, DE, are drawn to the point E within the triangle 

MLD, from M, D, the extremities of its side MD, 

therefore ME, ED are less than ML, LD ; (i. 21) 
but ME is equal to ML; (i. def. 15) 

iherefore the remainder DE is less than the remainder DL. (ax. 5.) 
Bi like manner it may be shown that DL is less than DH ; 

therefore DO Is the least, and DX less than DK, and 
D& than DB. 

Also, there can be drawn only two equal straight lines from the point 
D to the circumference, one upon each side of the line through the 
centre. 

CONSTRUCTION 

At the point M, in the straight line MD,make the angle DMB equal to 
the angle DME, (l 23) and join DB. 

DEMONSTRATION 

Then, in the triangles EMD, HMD, 
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because MK is equal to MB, and MD common to both, 

the two sides KM, MD, are equal to the two BM, MD, each to each; 

and the angle KMD is equal to the angle BMD; (constr.) 

therefore the hose DK is equal to the hose DB ; (l 4) 
but besides DB there can be no straight line drawn from D to the ci^ 

cumference equal to DEL 
For, if there can, let it be DN; 
and because DK is assumed to be equal to DNj and DK lids been shown 

to be equal to DB, 

therefore DB must he equal to DN^ 
that is, a line nearer to the least is equal to one more remote, 

which has been proved to be impossible. 
If, therefore, any pomt, &c. Q. £. D* 



PROP. IX.— Theorem* 

If a point be taken tbithin a circleffrom whieJi there can be draum more 
than two equal straight lines to the circumference; then that point is the 
centre of tJie circle, 

(References— m. 7.) 

Let the point D be taken within the circle ABC, from which to the 
circumference there can be drawn more than two equal straight lines, 
viz. DA, DB, DC. 

Tben tbe point D sliall be tbe centre of the clr«le. 




CONSTRUCTION 

For, if not, let E be the centre ; join DE, and produce it to the circum* 
ference in F, G. 

DEMONSTRATION 

Then FG is a diameter of the circle ABC ; (i. def 17) 

and because in FG, the diameter of the circle ABC, there is taken the 

point D, not the centre, 

therefore DG must be the greatest line from the point J) to the cmrwu- 
Ji/cnee, and DC greater i}v\n DB, and DB than D A ; (in. 7) 
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but these lines are likewise equal, (hyp.) which is impossible. 

therefore £ is not ^centre of the circle ABC. 
In like manner it may be demonstrated that no other point bat D is the 

centre j 

tberefore B is tlie centre of the circle ABC. 
^Therefore, if a point be ta^en, &c. Q. E. D. 



PROP. X.— Theorem. 
One circumference qf a circle cannot cut another in more than two 
points. 

(References — jn. 3, 5, 9.) 

Let the two circles ABC, DEF, intersect one another. 
Tlieii their circumferences cannot cut each other in more 
|3»aa two points. 




CONSTRUCTION 

Jf it be possible, let lihe circumference FAB cut the circumference DEF 

in more than two points, viz. in B, G, F ; 
take the centre K of the circle ABC, (iii. 3) and jom KB, KG, KF. 

DEMONSTRATION 

And because within the circle DEF there is taken the point K, jrom 

which to the circumference DEF fall more than two equal straight 

lines KB, KG. KF, 

the point K must be the centre of the circle DEF, (in. 9) 
but K is also the centre of the cirple ABC ; 

therefore the point K must be the centre of two circles that cut one 
anoJier, 
which is impossible. (iiL 5.) 

Vberefore one circomfbrence of a circle cannot ea.t %.xl« 
other in more than two points. ^,^.\>. 



94 THE SC^0OL EUCLID. [bOOK m. 

PROP. XL— Theorem. 

Ifont circle tovch another intemdUy in any point, the straight line which 
ioins their centres, being produced, shall pass through that point. 

(References — Prop, i, 20.) 

Let the circle ADE touch the circle ABC internally in the point A. 

•nien the stralffbt line wbicb Joins their centres, belnff 
prodnoed, sbi^l pass tbrougrli tl^e point of contact A. 

A 




CONSTRUCTION 

For, if not let it fall otherwise, if possible, as FGDB ; let F be 
the centre of the circle ABC, and G the centre of ADE. Join AF 
and AG. 

DEMONSTRATION 

Because two sides of a triangle are together greater than the third side 
therefore AG, GF, are greater than F A ; (l 20) 

but FA is assumed to be equal to FB, (i. def* 15) both being from the 

same centre ; 

therefore AG, GF, must be greater than FB ; 
take away the common part FG *, 

then the remainder AG must be greater than the remainder GB ; 

but AG is assumed to be equal to GD ; (i. def. 15) 

- dierefore GD must be greater than GB, 

the iess than the greater, which is impossible ; 

therefore the straight line which joins the centres, being produced, cannot 
fail otherwise tlian upon the point A. 

that is, it must pass through the point of oontaet of the 
two circles. 

Therefore, if two circles, &c. Q. E. D. 
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PROP. XIL— .Theorem. 

If two circUa touch each other externally ^ the straight line which joins 
their centres shall pass through the point of contact 

(References — Prop. i. 20.) 

Let the two circles ABC, ADE, touch each other externally in the 
point A. 
Tben tlie straJffbt line wbloh joins tbeljr centres, sball 
paiM tbronprfi tl^e point of ^sontact A. 




CONSTRUCTION 

For, if not, let, if possible, F and G be the centres, and the line joining 
them pass otherwise as FCDG ; and join FA, AG. 

DEMONSTRATION 

^en, because F is assumed to be the centre of the circle ABC, 

therefore AF must be equal to FC ; 
also, because G is assumed to be the centre of the circle ADE, 

therefore AG must be equal to GD ; 

and therefore FA, AG, must be equal to FC, DG ; 

wherefore the whole FG must be greater tfian FA, AG; 
but FG is also less than FA, AG ; (i. 20) which is impossible. 

therefore , the straight line which joins the centres of the circles, shall nnt 
pass otherwise than through A ; 

tbat Is, It mnst pass tbrougb tbe point of contact of tbe 
two drdes. 
Therefore, if two circles, &c. Q. E. D. 



PROP. XIII.— Theorem. 

One circle cannot touch another in more points ihan> one, whether it 
touches it on the inside or the outside. 

(References — Prop. i. 10, 11 ^ in. \, ^, \\ •, Cot. ^, W^v, 
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Firat Let the circle EBF touch the circle ABC internally in the 
point B. 
Tlieii BBV eannot fouob ABC In ai|y other po^it* 




CONSTRUCTION 

If it be possible, let E^F tench ABC in another point D ; 
join BD, and draw GH bisecting BD ^t right angles, (i. 10, 11) 

DEMONSTRATION 

Because the points B, D, are assumed to be in the circumference of 

each of the circles, 

the straight line BD must fall within each of the circles EBF, ABC ; 
(ni.2) 
and their centres are in the sjraight lineGH, which bisects BD at right 

angles ; (iii. I, Cor.) 

therefore GH must pass through tfie point of contact ; (nt. 11) 
but GH does not pass through the point of contact, because the points 

B, D, are without the straight line GH ; which is absurd ; 

therefore the circle BBF cannot touch the circle ABC on 
the inside in more points than one. 

Secondly. Let the circle ACK touch the circle ABC externally in 
the point A* 
Then ACK cannot touch ABC in any other point* 




CONSTRUCTION 

// // be possible, let ACK touch ABC m anolli^T ^vaX C, Join 40. 
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DEMONSTRATION. 

Then, beeaose the pomts A, C, are assumed to be in the circumference 

of the circle ACK, 

the straight line AC must fall within the circle ACK; (m. 2) 
but the circle ACK is without the circle ABC ; (hyp.) 

thertfore the straight line AC must be without the circle ABC ; 
bat, because the points A, Ct are assumed to be in the circumference of 

the circle ABC, 

the straight Une AC must be within the circle f (m. 2) 
which is absurd ; 

tlierefore tbe circle ACK cannot toncb tbe cirdc ABO 
on tlio ontaide in more tban one point. 
And it has been shown that one circle cannot touch another on the inside 

in more points than one. 
Wherefore one circle, &c. Q. E. D. 



PROP. XIV.— Theorem. 

Eqwd straight Unes in a circle are equally distant from the centre ; and 
oonversefyt those which are equally distant from the centre, are equal to 
oneanoAer, 

(References — Prop. i. 12, 47 ; in. 1, 3, de£ 4.) 

Let the straight lines AB, CD, in the circle ABDC, be equal to one 
another. 
Tlion tbej sliall be equally distant fk^m tbe centre. 

CONSTRUCTION 

Take E the eentre of the circle ABDC, (lu. I) 
and from it draw £F, £6, perpendiculars to AB, CD, (i. 12) and join 
EA. EC. 

DEMONSTRATION 

Then, because the straight line £F passing through the centre, cuts the 

straight line AB, which does not pass through the centre, at right 

angles^ it also bisects it ; (iii. 3) 

therrfore AF is equal to FB, and AB double of AF ; 
for the same reason 

CD is double of CGi 
bat AB is equal to CD ; (hyp.) 

therefore AF is equal to CG. (ax. 7.) 




And beeanse AE is equal to EC, (i. def. 15) 

the square of AE is equal to the square of EC ; 
but the squares of AF, FE, are equal to the square of AE, because the 

angle AFE is a right angle ; (l 47) 
and for the same reason, the squares of EG, 6C, are equal to the square 

of EC; 

therefore the squares of AF, FE, are equal to the squares of C6, GE ; 
of which the square of AF is equal to the square of CG, because AF 

is equal to CG ; 

therefore the remaining square of EF is equal to the remaining square 
o/EG, (ax. 3) 

and therefore the straight line EF is equal to EG; 
but * straight lines in a circle are said to be equally distant from the centre 

when the perpendiculars drawn to them from the centre are equal;' 

(m. def. 4) 

therefore AS, CB, are equally distant ttwaa tlie centre B. 

Next, let the straight lines AB, CD, be equally distant from the 
centre, that is, let FE be equal to EG. 

Tlien AB sball be equal to CB« 
The same construction being made, it may be demonstrated as before, 

that KB is double of AF, and CD double of CG, 

and that the squares of EF, FA, are equal to the squares of EG, GC; 
of whic I the square of FE is equal to the square of EG, because FE is 

equal to EG ; (hyp.) 

therefore the remaining square of AF is equal to the remaining square 
o/CG; (ax. 3) 

and therefore the straight line AF is equal to CG ; 
but AB was shown to be double of AF, and CB double of CG ; 

wberefore AM Is equal to CB. 
Therefore, equal straight lines, &c. Q. £. D. 
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PROP. XV.— Theorbm. 

ITie diameter is the greatest straight line in a circle, and, of aU others, 
that whiah is nearer to the centre is always greater than one more remote ; 
and Ae greater is nearer to the centre than the less. 

(References — Prop. z. 12, 20; m. del 5.) 

Let ABCD be a circle, of which fhe diameter is AD, and the. 
centre £ ; and let BC be nearer to the centre than FG. 

Tben AB sball be greater tban anj straiffbt Uae BC, 

wUeb le not a diameter, 
and BC SliaU be grreater tban FO. 




CONSTRUCTION 

From the centre E draw EH, EE, perpendiculars to BC, FG, (i. 12) 
and join £B, EC, EF. 

DEMONSTRATION 

Then, becanse AE is equal to EB, and ED to EC, (l def. 15) 

therefore AD is equal to EB, EC; (ax. 2) 
but EB, EC, are greater than BC ; (i. 20) 

wberefore also AB Ui greater tban BC. 

And because BC is nearer to the centre than FG, (hyp.) 

therefore EH w less than EK ; (ra. def. 5) 
but, as was demonstrated in the preceding proposition, 

BC is double of BH, and FG double of FK, 

and the squares of EH, HB, are equal to the squares of EEl, KF, 
but the square of EH is less than the square of EK, because £H is less 

thanEK; 

therefore the square of BH is greater than the square of FK, 

and the straight line BH greater than FK ; 

and tberefore BC U srreater tban VQk 

T2 
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Next, let BC be greater than F6. 

Then BC sball be nearer to tbe centre tban FO, tliat iif 
WM sball be less tban BX. 

The same construction being made, because BC is greater than FG, 

therefore BH is greater tban KF ; 

and the squares of BR, HE, are equal to the squares of FK, KE, 
but the square of BH is greater than the square of FK, because BH is 

greater than FK ; 

therefore the square of EH is less than the square ofEK, 

and the straight line EH less than EK. 

and therefore 80 Is nearer to the centre than rfti 
(in. def. 6.) 
Wherefore, the diameter, &c. Q. E. D. 



PROP. XVL—Theobem. 

ITie straight line which is drawn at right angles to the diameter of a 
circle f from the extremity of it, falls without the circle; 

and no straight line can be drawn from the extremity between that 
straight line and the circumference ^ which does not cut the circle, or, which 
is the same thing, no straight line can mahe so great an acute angle with 
the diameter at its extremity, or so small an angle with the straight line 
which is at right angles to it, as not to cut the circle. 

(References— Prop. i. 5, 12, 17, 19 ; m. 2, def. 2.) 

Let A.BC be a circle, the centre of which is D, and the diameter 
AB. 
Then the stralgrbt line drawn at right angles to AS 
from Its extremity A, shall fUl without the circle. 




CONSTRUCTION 

For, if it does not, let it fall, if possible, wtthtn the circle, as AC s 
and draw DC to the point C, irhere it meets the circumference. 
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DEMONSTRATION 

Because DA is equal to DC» (l def. 15) 

the em^ DAC is equal to the angle ACD ; (i. 5) 
but DAG is a right angle, (hyp.) 

therefore ACD must be a right angle, 

and ^lerefore Ae angles DAC, ACD, must he equal to two right angles ; 
which is impossible ; (l 17) 

fherefore the straight line drawn from A at right angles to BA, does not 
fall uMin the circle. 
In the same maimer it may be demonstrated that it does not fall upon 

the circumference; 

thmtefyre the stralffbt line flrom A. at rlgbt angles to 8A« 
must fUl wttbont the eircle, as AB. 

Also, between the straigbt line AS and the circnrnference, 
BO straigbt line can be drawn flrom the point A which does 
not eat the eirde. 




CONSTRUCTION 

For, if possible, let FA be between them^ 

and from the point D draw DG perpendicular to FA, (i. 1 2) 

and let it meet the circumference in H. 

DEMONSTRATION 

Because A6D is assumed to be a right angle, and DAG less than a 

right angle ; (i. 17) 

therefore DA must he greater than DG ; (i. 19) 
but DA is equal to DH; (l def. 15) 

therefore DH must he greater than DG, 
the less than the greater, which is impossible ; 

therefore no straigbt line can be drawn flrom the point A« 
between AB and the oironrnference, whiob does not out 
the eirde 9 
or, which amounts to the same thing, however great an acute angle a 

straight line makes with the diameter at lbs ^VaX k^^x V<^^%n«x 
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small an angle it makes with A£, the circumference shall pass 

between that straight line and the perpendicular AE. 

< And this is all that is to be understood, when in the Greek text, and 

in translations from it, the angle of the semicircle is said to be greater 

than anj acute rectilineal angle, and the remaining angle less than any 

rectilineal angle.' Q. E. D. 

Cor. — From this it is manifest, that the straight line which is drawn 
at right angles to the diameter of a circle, firom the eztremitj of it, 
touches the circle ; (m. def 2) and that it touches it only in one point, 
because, if it did meet the circle in two, it would fall within it. (m. 2.) 

* Also it is erident that there can be but one straight line whidi 
touches the circle in the same point' 



PROP. XVIL— Problem. 

To draw a straight line from a given point, either withoui orinAe dr^ 
cumference, which shall touch a given circle, 

(References — Prop, l 4, 11 ; nL 1, 16, cor.) 

First, let A be a given point without the given circle BCD. 
It is required to draw a straight line from A which shall touch the 
circle. 




CONSTRUCTION 

Find the centre E of the circle, (in. 1) and join AE ; 

and from the centre E, at the distance AE, describe the circle AF6 *, 

from the point D draw FD at right angles to AE; (l 11) and join 

EBF, AB. 

Tlieii £LB aball toaOb the circle BOB. 

DEMONSTRATION 

Because E is the centre of the circles BCD, AF6 ; 
therefore E A is equal to EF, and ED to EB ; (l def. 16) 
Aence, in the two triangles AEB, ¥^D, 
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because the two tides AE, £B, are equal to the two F£, ED, each to 

each; 
and thej contun the angle at E common to both triangles} 

therdore, the base DF is equal to the base AB, 

and the triangle FED to the triangle AEB, 

and the other angles to the other angles } 

tkertfore the angle EBA ts equal to the angle EDF; (l 4) 
but EDF is a right angle, (constr.) 

wherefore EBA is a right angle ; (ax. 1) 
and£B is drawn from the centre ; 
but ' a straight line drawn from the extremity of a diameter, at right 

angles to it, tonches the circle ; ' (in. 16, cor.) 

tbarafore £LB tonobes the oirole, 

and it is drawn from the given point A. 

But if the given point be in the circumference of the circle, as the 

point D, 
draw DE to the centre E, and DF at right angles to DE ; 

I DF touebes the oirole. (in. 16, cor.) Q. E. F. 



PROP. XVIII.— Theorem. 

If a straight line touch a circle, the straight line drawn from the centre 
to the point of contact^ shall be perpendicular to the line touching the 
circle* 

(References— Prop. i. 17, 19 ; in. 1.) 

Let the straight line DE touch the circle ABC in the point C; 
take the centre F, (in. 1) and draw the straight line FC. 
Tlieii FC aball be perpendicular to BB. 




G E 



coNSTRUcnoir 
For, if it be not, from the point F draw FBG perpendioulax tA B^« 
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DEMONSTHATION 

And because F6G is assumed to be a right angle, 

dierefore 6CF must be an acute angle ; (i. 17) 
and to the greater angle the greater side is opposite ; (l 19) 

therefore FC must be greater than FG, 
bat FC is equal to FB, (i. def. 15) 

therefore FB must be greater than F6, 
the less than the greater, which is impossible; 

wherefore F6 is not perpendicular to DE. 

In the same manner it may be shown, that no other is perpendicular to 

it besides FC; 

that la, FO la perpendienlar to mSm 
Therefore, if a straight line, &c. Q. £. D. 



PROP. XESL— Theorem. 

If a straight line touch a circle, and from the point of contact a 
straight line be drawn at right angles to the touching Une, the centre of 
the circle shall be in that line. 

(References — Prop, hl 18.) 

Let the straight line DE touch the circle ABC in C ; and from C kt 
CA be drawn at right angles to DE. 
Tlieii tbe centre of the circle aball be In OA« 




coNsmucnoN 
For, if not, let F be the centre, if possible, and join CF. 

DEMONSTRATION 

Because DE touches the circle ABC, and FC is drawn from the 
assumed centre to the point of contact 
therefore FC must be perpendicular to DE ; (in. 18) 
and therefore FCE miui 6e a right angU; 



\ 
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but ACE is a rij^t angle, (hjp.) 

therefore the angle FCE must he equal to the angle ACE, (as. 1) 
the len to llie greater, which is impossible. 

wherefore ¥ ienotthe centre of the circle ABC. 

In the same manner, it may be shown that no other point which is not 
in CA,i8 the centre; 
tliat Isv tbe centre of the olrole la In O A. 

Therefore, if a straight line, &c. Q. E. D. 



PROP. XX.— Theorem. 



7^ angle at the centre of a circle is double of the angle at the circum- 
ference upon the same base, that is, upon the same part of the circum^ 
ference, 

(References — Prop. i. 5, 82.) 

Let ABC be a circle, and BEC an angle at the centre, and BAG. an 
angle at the curcnmference, which have the same circumference BC for 
their base. 

meii tbe angle BSO sball be doable of tbe angle BJLC. 




Firstf let the centre E of the circle be within the angle BAC. 

CONSTRUCTION 

Join AE, and produce it to the circomference in F. 

demonstration 
Because EA is equal to EB, 

the angle EAB is equal to the angle EBA, (i. 5) 
therefore the angles EAB, EBA are double of the angle EAB; 
but the angle BEF is equal to the angles EAB, EBA ; (i. 32) 
Aertfore also the angle BEF is ix^le of the angle "& (l^ \ 
f3 
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for the name reason, the angle FEC ia doable of the angle EAC ; 
tlMraftee the wliole'aagle BBO to double of the wlMie 
aagto BJLO. 

Second^, let the centre £ of the circle be toiAout the angle BAG. 




CONSTRUCTION 

Join AE, and produce it to meet the circumference in F. 

DEMONSTRATION 

It maj be demonstrated, as in the first case, 

t]kat the angle FEC it double of the angle FAC, 

and that FEB, a part o/FEC, is double o/FAB, a part of ¥ AC ; 

thereftMre llie remalninv angle BBO to double of llie ti 
matntag angle BJLC. 
Therefore, the angie at the centre, &c. Q. E. D. 



PROP. XXL— Theorem. 
7%e angles in the same segment of a circle are equal to one another. 
(Beferences — Prop. m. 1, 20.) 
Let ABCD be a circle, and BAD, BED, angles in the same segment 
BAED. 
Then the angles BAB, BSD» ehaU be eqnal to one an- 
other* 




c 
^irs^ let the segment BAED be g;reatet^3bK&«^««D^rala 
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CONSTBUCnOK 

Take F the centre of the eircle ABCD, (m. 1) and join BF, FD. 

DEMONSTRATION 

And, because the angle BFD is at the centre, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, viz. BCD for their base ; 
therefore the angle BFD ie double of the angle BAD ; (m. 20) 

for the same reason, 

the angle WPT> is double of the angle BED ; 
ttiarefore the angle BAB Is eqiud to the angle 
(ax. 7.) 

Next, let the segment B AED be not greater than a semicircle. 

K ^E 




CONSTRUCTION 

Draw AF to the centre, and produce it to C, and join CE. 

DEMONSTRATlbN 

Then the segment BADC is greater than a semicircle, 

therefore by the first case, the angles BAG, BEG, in it, are equal; 

fm the same reason, because GBED is greater than a semicircle, 
the angles GAD, G£D, are equal; 

tberelbre tlie wbole angle BAB la equal to tbe wbole 
angle BBB. (ax. 2.) 

Wherefore, the angles in the same segment, &c. Q. E. D. 



PROP. XXIL— Theormi. 

The opposite angles of any quadrilateral figure inacribed in a circle, art 
together eguaJ to two right angles* 
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CBeferenoes — Prop. i. 32 ; in. 21.) 

Let ABCD be a quadrilateral figure in the circle ABCD. 
Tlieii anj two of Its opposite angles sban be togetber 
equal to two rlgbt aagles. 




CONSTBUCnON 

Draw the diagonals AG and DB. 

DEMONSTRATION 

fiecaose the three angles of e^ery triangle are equal to two right 

angles (i. 32) 

the three angles of^ triangle CAB, viz, the angles CAB, ABC, BOA 
are equal to two right angles ; 
but the angle CAB is equal to the angle CDB, (m. 21) because they 

are in the same segment CD AB ; 
and the angle ACB is equal to the angle ADB, because they are in the 

same segment ADCB ; 

therefore the whole angle ADC is equal to the angles CAB, ACB ; 
to each of these equals add the angle ABC; 

therefore the titree angles ABC, CAB, BCA, are equal to the two 
angles ABC, ADC ; (ax. 2) 
but ABC, CAB, BC A, are equal to two right angles ; 

ttaerefbre also tbe angles ABC, ADOf are equal to two 
rlgbt angles. 

In the same manner, it maj be shown that 
Uie angles BAB, DOSy are equal to two rlgbt angles. 

Therefore, the opposite angles, &c. Q. £. D. 



PROP. XXm — Theorem. 

Upon the same straight line, and upon the same side of it, there eamtt 
^ two similar segments of circles^ not coinciding with one another. 
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(Beferences— Prop, l 16 ; m. 10, def. 11.) 

If it be poniUe, let the two similar segments of circles, yiz. ACB, 
ADB, be npoQ the same side of the same straight line AB, not coin- 
ciding irith one another. 

D 



CONSTRUCTION 

Then, 1>ecanse the circle ACB cuts the circle ADB, in the two points 

A,B, 

they cannot cnt one another in any other point; (ni. 10) 

therefore one of the segments ACB, ABB, mustfaU within the other. 
Let ACB &11 within ABB, and draw the straight line BCB, and join 

CA,BA. 

DEMONSTRATION 

Beeaose the segment ACB is assumed to be similar to the segment 

ABB, (hyp.) 
and that similar segments of circles contain equal angles ; (in. def. 

11) 

the angle ACB must be equal to the angle ABB, 
the exterior to the interior, which is impossible; (i. 16) 

Therefore there cannot be two similar segments of circles upon the 
same side of the same line, which do not coincide. Q. £. B. 



PROP. XXIV.— Theorem. 

Similar segments of circles upon equal straight lines are equal to one 
another. 

(References — Prop. m. 23.) 

liCt AEB, CFB, be similar segments of circles upon the equal straight 
lines AB, CB. 

Tben tbe segment ABB sball 1m equal to tbe segment 



E 
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DEMONSTRATION 

For if the segment AEB be applied to the segment GFD, so diat 
the point A may be on C, and the straight line AB on CD ; 

then, because AB is equal to CD, 

the point B shaU coincide with the point D ; 

and the straight line AB coinciding with CD, 

the segment AEB coincides with the segment CFD, (m. 28) 
and tberefore the segment ABB U equal to tbe segment 
crB. (ax. 8.) 

Wherefore, similar segments, &c Q. E. D. 



PROP. XXV.— Problebl 

A segment of a circle being given, to describe the circle of which it is 
the segment 

(References — Prop. i. 4, 6, 10, 11, 23 ; iii. 90 

Let ABC be the given segment of a circle. 

It is required to describe the circle of which it is the segment 




COMSTBtJCnON 

Bisect AC in D, (i. 10) and from the point D draw DB at right sugles 
to AC ; (I. 11) and join AB. 

First, let the angles ABD, BAD, be equal to one another. 
Tlien B sban 1m the centre of the otrele required. 

DEMONSTRATION 

Because the angle ABD is equal to the angle BAD, (hyp.) 

therefore DA is equal to DB ; (l 6) 
but DA is equal to DC, (constr.) 
therefore DB is equal to DC, 
and the three straight lines DA, DB, DC, are all tqwU{ 
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and beoftvae from the point D more than two eqnal straight lines DA, 
DB, J>C, can be drawn to the circumference ABO, 
t h CTB l bge 3> U the oentre of tlie ^dreie. (in. 9.) 

Hence, if with the centre D, at the distance of any of the three, DA, 
DB, DC, a circle be described, 
it unU ptus trough the other two points^ and be the circle required, 

Secondfyf let the angles ABD, BAD, be not equal to one another. 

B 

! D " 





CONSTRUCTION 

At the point A, in the straight line BA, make the angle BAE equal to 

the angle ABD,.(l 23) 
produce BD, if necessary, to £, and join £0. 

Tliea a sban be tbe centre of tlie clrde reqiilre4« 

DEMONSTRATION 

Because the angle ABE is equal to the angle BAE, (constr.) 

the straight line BE is equal to EA ; (i. 6) 
and in the triangles ADE, ODE, 
because AD is equal to DC, and DE common to both, 
the two sides AD, DE, are equal to the two CD, DE, each to each ; 
and the angle ADE is equal to the angle CDE, for each of them is a 

right angle ; (constr.) 

therefore the base AE is equal to the base EC ; (l 4) 
but AE was shown to be equal to EB, 

wherefore also EB is equal to EC ; (ax. 1) 

and the three straight lines EA, EB, EC, are therefore equal tome 
another; 
and because from the point E, more than two equal straight lines, EA, 

EB, EC, can be drawn to the circumference ABC, 

tberefore & U the centre of the eirele. (m. 9.) 
Hence, if with the centre E, at the distance of any of the three A£» 

EB, EC, a circle be described, 

it wiUpass through ike oAerpoint^ and bt te clrcU veqiuH^ 



112 THE SCHOOL EUCLm. [BOOK m. 

In the first case, it is evident that, because the centre D is in AC, 

therrfore the segment ABC if a semicircle. 
In the second case, if the angle ABD be greater than the angle 

BAD, the centre E falls without the segment ABC, 

which is therefore less than a semicircle ; 
but if the angle ABD be less than BAD, the centre £ Ms within the 

segment ABC, 

which is ^lerefore greater than a semicircle. 
Wherefore a segment of a circle being given, the circle is described of 

which it is a segment Q. £. F. 



PROP. XXVL— Theorem. 

In equal circles^ equal angles stand upon equal circun^erences, whether 
ihey he at the centres or at the drctm/efences, 

(References— Prop. i. 4 ; m. 24, del 1,11.) 

Let ABC, DEF, be lequal circles, having the equal angles BGC, 
EHF, at their centres, and BAC, EDF, at their circumferences. 
Tlien tlie dromnferenoe BXC aliall be equal to tbe elr* 
eaznltoenee BXiV* 

\ 

B 





CONSTRUCTION 

Join BC and £F. 

DEMONSTRATION 

Because the circles ABC, DEF are equal, the straight lines drawn teom 
their centres are equal ; (m. def. 1} 

Aerefore the two sides BG, GC, are eqjud to the two EH, HP, each to 
eaehi 

Mid the angle At 6 is equal to the angle axU \ CV^^.^ 
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tkerefim Ae bate BC u equal to the base £F. (l 4.) 

And beeaose the angle at A is eqnal to the angle at D, (hjp.) 

Ae segment BAG U similar to the segment EDF ; (m. def. 11) 
and they are upon equal stnught lines BC, EF ; 
but similar segments of circles upon equal straight lines are equal to 

one another ; (m. 24) 

Aerefore the segment BAC is equal to the segment EDF ; 
bat the whole circle ABC is eqnal to the whole DEF ; (hyp.) 

iketefare Ae remaining segment BKC is equal to the remaining segment 
ELF, (ax. 3) 

and tlie otroumferenoe BXC to tbe otronmference BXiT. 
Wherefore, in equal circles, &c Q. E. D. 



PROP. XXVIL—Theorem. 

In equal drcleSy the angles which stand upon equal circumferences are 
equal to one another, whether tlieg be at the centres or at the circumferences, 

(Beferences — Prop. i. 23 ; in. 20, 26.) 

Let tbe angles BGC, EHF, at the centres, and BAC, EDF, at the 
circomferences of the equal circles ABO, DEF, stand upon equal dr- 
cnmferenoes BC, EF. 

Tlien tlie angle BOC aliall be equal to the angle SB7, and 
tbe angle BAC to tbe angrle BBF. 

A D 




If the angle BGC be equal to the angle EHF, 

it is manifest that the angle BAC is also equal to EDF. (ni. 20, and 
ar. 7.) 
But, if x)ot, one of them is greater than the other; let BGC be the 

greater. 

CONSTRUGTIOM 

At the point G, in the straight line BG, make the angle BGK equal to 
the angle EHF. (i. 23.) 
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DEMONBTRATIOM 

Because equal angles stand upon equal circumferences -when they ire 

at the centre ; (in. 26) 

^terefore the circumference BK must be equal to the circumference £F; 
but EF is equal to BC ; (hyp.) 

therefore also BK must be equal to BC, (ax. 1) 
the less to the greater, which is impossible; 

therefore die angle B6C is not unequal to the angle EHF ; 

tbat ISf tbe angle BUG to equal to fbe angle ■KV. 
And the angle at A is half of the angle BGC, (m. 20) 
and the angle at D is half of the angle EHF ; 

tberefore tbe angle at A to equal to tbe angle at 3>. 
(ax. 7.) 



PROP. XXVIII.— Theorem. 

In equal circles, equal straight lines cut off equal circumferences, tk 
P'eaier equal to the greater, and the less to the less* 

(References— Prop. i. 8 ; in. 1, 26, def. 1.) 

Let ABC, DEF, be equal circles, and BC, EF, equal straight liiMf 
in ihem, which cut off the two greater circumferences BAC,' EDF, and 
the two less, BGC, EHF. 

Tben tbe greater olronmforenoe BAC sball be equal to tlie 
greater EBF, and tbe less BOC to tbe less 3 





CONSTRUCTION 

Take K, L, tl^ centres of the circles, (m. 1) and join BK, KG, £L» 
LF. 

DBKONSTBATION 

Because the drcles ABC, DEF, are equal, the straight lines fhui thdr 
centres are equal \ (in. def. I) 
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iherefon BE, KC, are equal to EL, LF, each to each ; 
and the btse BC is equal to the base £F ; (hyp.) 

therrfan iSte angle BKO U equal to the angle ELF; (i. 8) 
but eqnl angles stand upon equal circumferences, when they are at the 

centres ; (ni. 26) 

tberefore tbe circmnDsrenoe BOC is equal to tbe etrciun- 
Itoenoe BUI"; 
bat the whole circle ABC is equal to the whole EDF ; (hyp.) 

therefore the remaining parts of the circumference* are equal, 

that toy IBAO la equal to BBF. 

Therefore, in equal circles, &c. Q. E. D. 



PROP. XXIX.— Theorem. 

In equal circles equal circumferences are subtended hy equal straight 
lines. 

(References — Prop. i. 4 ; m. 1, 27.) 

Let ABC, DEF, be equal circles, and let the circumferences BGC, 
£HF, also be equal ; and join BC, EF. 

tbe atralffht line 8C aliaU be equal to tbe stralgbt 





construction 

Take E, L, the centres of the circles, (m. 1) and join BE, KC, EL, 
LF. 

DEMONSTRATION 

Because the circumference B6C is equal to the circumference EHF. 

therefore the angle BKC is equal to the angle ELF ; (nx. 27) 
and because the circles ABC, DEF, are equal, the straight lines from 

their centres are equal; (m. def. I) 
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therefore BE, KC, areeqwdto £L^ LF, each to each; 
and they contain equal angles ; 
tberefbre tbe Imum 80 U equal to tlio Immo ST. (i. 4.) 

Ilierefore, in equal circles, &e. . Q, £. D. 



PROP. XXX.— Problem. | 

To Insect a given circumference, that is, to divide it into two equal 
parts, 

(Beferenoes — Prop, l 4, 10, 11 ; m. 1 cor., 28.) 

Let ADB be the given circumference. 
It is required to bisect it. 



CONSTRUCTION 

Join AB, and bisect it in G ; (l 10) 
from the point C draw CD at right angles to AB. (i. 11.) 
Then tbe dromnfereiiee ABB whaXk he bisected in llie 
point 3>. 
Join AD, DB. 

DEMONSTRATION 

In the triangles ACD, BOD, 

because AC is equal to CB, and OD common to both, 

the two sides AO, OD, are equal to the two BO, OD, each to each ; 

and the angle ACD is equal to the angle BOD, because each of them is 

a right angle ; 

therefore the base AD is equal to the base BD ; (i. 4) 
but equal straight lines cut off equal circumferences, (m. 28) the greater 

equal to the greater, and the less to the less; 
and AD, DB, are each of them less than a semicircle, because DO passes 

through tbe centre ; (m. 1 cor.) 

Aerefore the circumference AD is equal to the circumference DB ; 

wberefdre tbe elrcnmfldrence ABB is bieeeted In B. 

Q. E. F.. 
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PROP. XXXI.— Theorem. ^ 

In a circle, the angle in a semicircle is a right angle} but the angle in a 
segment greater than a semicircle is less than a right angle; and the angle 
in a segment less than a semicircle is greater than a right angle. 

(References— -Prop. i. 5, 17, 82 ; in. 22.) 

Let ABCD be a circle, of which the diameter is BC, and the centre 
E ; and draw CA, dividing the circle into the segments ABC, ADC, 
and join B A, AD, DC. 

Xben the angle in the semlolrole SAC aliall 1m a right 
angle) 

ana tbe angle in the segment ABC, whieh ia greater 
than a aemioirele, aball be leas than a right angle 9 

and the angle in the aegment ABC, which ia leaa than 
a aemifiireie, ahaU be greater than a right angle. 




CONSTRUCTION 

Join AE, and produce BA to F. 

DEMONSTRATION 

Becaose BE is eqaal to £A, (i. def. 15) 

the angle EA6 is equal to EBA; (l 5) 
also, because AE is equal to EC, 

the angle EAC is equal to the angle ECA ; 

where/ore the whole angle BAC is equal to the two angles ABC, ACB; 

bot FAC, the exterior angle of the triangle ABC, is equal to the two 
angles ABC, ACB ; (i. 32) 

therefore the angle BAC is equal to the angle FAC ; (ax. 1) 
and each of them is therefore a right angles (i. def. 10) 
wherefbre the angle BAC in a aemioirole ia a right angle. 

And because the two angles ABC, BAC, of the triangle ABC^ are 
together less than two right angles, (i. 17) 
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PROP. XXXIII Problem. 

Upcn a given Hraight line to describe a segment of a circit, contaimj 
on csngle equal to a given rectiUneeU angle. 

(References— Prop, l 4, 10, 11, 23, 31 ; m. 16 cor., 31, 32.) 

Let AB be the given straight line, and the angle C the given recti- 
lineal angle. 

It is required to desctibe upon the given straight line AB, a segment 
of a circle, containing an angle equal to the angle C. 

Firsts let the angle C be a right angle. 






CONSTRUCTION 

Bisect AB in F, (i. 10) and from the centre F, at the distance FB, 
describe the semicircle AHB. 
Tlien ABB sliall be tlie segment required. 

DEMONSTRATION 

Because AHB is a semicircle, 
iherrfore the angle AHB in it is a right angle, and therefore equal to 

C; (m.31) 
wHerefore tbe angle In tbe segment ABB U equal to tbe 

given angle C. 

Secondly, let G be not a right angle. 
H 





CONSTRUCTION 

At the point A in the straight line AB, make the angle BAD equal to 

the angle G, (i. 23) 
and from the point A draw A£ at right angles to AD ; (l 11) 
bisect AB in F, (i. 10) and from F draw FG at right angles to AB, 

(i. ll)andjoinGBj 
&om the centre 6, at the distance O A, de&cx\\^ \h^ circle AHB. 
S!ben AXn to tbe Becment Tef|?Blrea« 
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DEMONSTBAtlON 

Is tiie triangles AFG, BFG, 

because AF is equal to FB, and FG common to both, 

the two ndes AF, FG, are equal to the two BF, FG, each to eaehi 

and the angle AFG is equal to the angle BFG ; (i. def. 10) 

dkrtfwre the hose AG m equal to the hose GB; (i. 4) 

and the circle AHB shall pass through the point B; 
and because firom the point A, the extremity of the diameter AE, AD 

is drawn at right angles to AE, 

^lerefore AD touches the circle AH^; (m. 16, cor.) 
and because AB drawn from the point of contact A cuts the circle. 

the angle DAB is equal to the angle in die alternate segment AHB; 
(ra. 32) 
bat the angle DAB is equal to the angle C ; (constr.) 

tlierefdre the Angle C is equal to the angle in the aegment 



Wherefore, upon the given strsught line AB, the segment AHB of a 
circle is described which contains an angle equal to the given angle 
C. Q. E. F. 



PROP. XXXIV.— Pboblem. 
To cut off a segment from a given circle which shall contain an angle 
equal to a 0iven rectilineal angle^ 

(References — Prop. i. 23 ; in. 17, 32.) 
Let ABC be the given circle, and D' the given rectilineal angle. 
It is required to cut off a segment from the circle ABC (hat shall 
contain an angle equal to the angle p. 



CONSTRUCTION 

Draw the straight line EF touching the circle ABC in the point B ; 
(ill. 17) 

G 
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and at the point 6, in the straight line BF make the angle FBC equal 
to the angle D. (i. 23.) 

Then tbe sesment SAC sliall contain an anffle equal to 
tbe given angrle B. 

DEMONSTRATION 

Because the straight line EF touches the circle ABC, and BC is drawn 
from the point of contact B, 

therefore the angle FBC U equal to the angle in the alternate segment 
BAC of the circle; (in. 82) 
but the angle FBC is equal to the angle D; (constr.) 
tlierefore tlie angle In the segment BAC U e<mal to the 
angle B. (ax. 1.) 
Wherefore the segment BAC is cut ofiF from the given circle ABC 
containing an angle equal to the given angle D. Q. £. F. 



PROP. XXXV.— Theorem. 

If two straight lines within a circle cut one another ; 
then the rectangle contained by the segments of one of them is equal to tiu 
rectangle contained by the segments of the othet. 

(References — Prop, l 12, 47 ; n. 5; iil 1, 3.) 

Let the two straight lines AC, ^D, within the circle ABCD, cut one 
another in the point E. 
Then tbe rectangle contained by AB, BC, shall be equal 
to tbe rectangle contained by SB, BB. 




First, let AC, BD, pass each of them through the centre. 

DEMONSTRATION 

Then hecause E is the centre, 
therefore AE, EC, BE, ED, are all equal to one another, (t, def. 15) 
and tberefore the rectangle AB, BC, Is eqaal to the reelv 
ans;le BX, BB. 
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Secondfy, let one of them BD pass through the centre, and cut thr 
other AC* which does not pass through the centre, at right angles in 
the point £• 




CONSTRUCTION 

Then if BD be bisected in F, F is the centre of the circle ABCD. 
Join AF. 

DEMONSTRATION 

Because BD, which passes through the centre, cuts the straight line 
AC, which does not pass through the centre, at right angles in £, 

therefore AE, EC, are equal to one another, (m. 3) 
and because the straight line BD is cut into two equal parts in the 
point F, and into unequal parts in the point E, 
the rectangle BE, ED, together with the square of £F, is equal to the 
equare of FB; (ii. 5) that is to the square qf FA ; 

but the squares of AE, EF, are equal to the square of FA ; (i. 47) 
therefore the rectangle BE, ED, together with the square of EF, is equal 
to the squares of AE, EF ; (ax. 1) 
take away the common square of EF, 
and the remainders are equal, that is, 

tbe reetangrle sa, ZB, Is equal to tli^ square of AS, tbat 
la to tbe reotanffle AE, EC. 

Thirdly, let BD, which passes through the centre, cut the other 
AC, which does not pass through the centre, in E, but not at right 
angles. 

CONSTRUCTION 

Then, as before, if BD be bisected in F, F is the centre of the circle. 
Join AF, and from F draw FG perpendicular to AC. (l 12.) 

DBUONSTRATION 

Then AG is equal to GC ; (m. 3) 

o2 
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therefore the reetcmgJe AE, EC, together with the tquare of EG, is equal 
to the square of KG ', (^ i) 
to each of these eqnals add the square of GF ; 
therefore the rectangle AE, EC, together with the squares of EG, GF, 
is equal to the squares of AQ,GFi (ax. 2) 
but the squares of EG, GF, are equal to the square of EF ; (l 47) 
and the squares of AG, GF, are equal to the square of AF ; 

therefore the rectangle AE, EC, together unth the square q/'EF, is eqwd 
to the square of AF; that is^tothe square q/'FB; 
but the square of FB is equal to the rectangle BE, ED, together with 
the square of EF ; (iL 5) 

therefore the rectangle AE, EC, together with the square ofEF^ is equal 
to the rectangle BE, ED, together with the square ofEF ; (ax. 1) 
take away the common square of EF, 
and tberefore tbe remaining rectangle AS, EC, la equal to 
tlie remaining rectangle BB, SB. (ax. 3.) 

Lastiy, let neither of the straight lines AC, 3D, pass through the 
centre. 




CONSTRUCTION 

Take the centre F, (in. 1) and through E, the intersection of the 
Straight lines AC, DB, draw the diameter GEFH. 

DEMONSTRATION 

Because the rectangle AE, EC, is equal, as has been shown, to the 

rectangle GE, EH ; 
and for the same reason, the rectangle BE, ED, is equal to the same 
rectangle 0£, EH ; 
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) tl&e reeiaiisle AS, BO, to equal to tbe reetanirle 

ma^ SB. (az. 1.) 
Wherefore^ if two straight lines, &c. Q. £. D. 



PROP. XXXVL— Theorem. 

If from any point withoui a circle, two straight linea be drawn, one oj 
which cute the circle, and the other touches it; 

then the rectangle contained by the whole line which cuts the circle, and 
the part of it without the circle, shaU be equal to the square of the line 
which touehes it, 

(References — Prop. i. 12, 47 ; ii. 6 ; m. 1, 3, 18.) 

Let 1> be any point without the circle ABC ; and let DC A, DB, 
he two straight lines drawn from it, of which DCA cots the circle, and 
DB torches the same. 

Ttien tbe rectangle ABv Od aliall be equal to the square 
of] 



Either DCA passes through the centre, or it does not 
First, Jet it pass through the centre E. 




comsTBucnoN 
From the point £ to B, draw tbe straight line EB. 

DEMONSTRATION 

Then the angle £BD is a right angle ; (ni. 18) 

and because the straight line AC is bisected in E, and produced to the 

point D, 

the rectangle AD, DC, together with the square of EC, is epuzl to the 
square of ED', (n. 6) 
but CE is eguai to EB -, 
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therefore the rectangle AD, DC, together with the eqtiarecflSB, is equal 
to the square of ED; 
bat the square of ED is equal to the squares of £B, BD, because EBD 
is a right angle ; (l 47) 

therefore the rectangle AD, DC, together with the square of EB, is equal 
to the squares of EB, BD; (ax. 1) 
take away the common square of £B ; 
tberefore tbe remaining rectangle AD, DC, Is equal to tiie 
square of tbe tangent "D^, (ax. 3.) 

Secondly, let DCA not pass through the centre of the circle ABC. 




CONSTRUCTION 

Take the centre E, (in. 1) and draw EF perpendicular to AC, (i. 12) 
and join EB, EC, ED. 

DEMONSTRATION 

Because the straight line EF, which passes through the centre, cuts the 

straight line AC, which does not pass through the centre, at right 

angles, it shall likewise bisect H ; (ni. 3) 

therefore AF is equal to FC ; 
and because the straight line AC is bisected in F, and produced to D, 

the rectangle AD, DC, together voith the square of FC, is, equal to the 
square of FD; (n. 6) 
to each of these equals add the square of F£ { 

therefore the rectangle AD, DC, together with the squares of CF, FE, 
is equal to the squares q/*DF, FE ; (ax. 2) 
but the square of ED is equal to the squares of DF, FE, because EFD 

is a right angle ; (i. 47) 
and for the same reason the square of EC is equal to the squares of 

CF, FE; 

therefore the rectangle AD, DC, together with the square of EC it 
equal to the square of ED •, (ax. 1") 
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bat CE is e^ttl to EBt 

tkerefbre the rectangle AD, DC, together with the aqtmre q/*EB, is equal 
to Ae square of ED, 
bat the sqaares of EB, BD, are equal to the sqoare of ED, becaose 
EBD is a right angle ; (l 47) 

therefore the rectangle AD, DC, together with the square of £B, is 
equal to the squares o/*EB, BD ; 
take away the oommon square of £6 ; 

fberefore the remalnlpff rectangle AD, DC, la equal to 
t&e aqnare of D8. (ax. 3.) 
Wherefore, if from any point, &c. Q. E. D. 

Cor. — If from any point without a circle, there be drawn two 
straight lines cutting it, as AB, AC, the rectangles contained by the 
whole lines and the parts of them without the circle, are equal to one 
another. 




Thta the rectangle BA, AE, is equal to the rectangle CA, AF, 
for each of them is equal to the square of the straight line AD, which 
touches the circle* 



PROP. XXXVIL—Theokem. 

If from a point without a circle there be drawn two straight lines, 
one of which cuts the circle, and the other meets it; if the rectangle 
contained by the whole line which cuts the circle, and the part of it without 
the circle be equal to the square of the line which meets it; 

ihehn that line shaU touch the circle. 

. (References — Prop, l 8 ; in. 1, 16 cor., 17, 18,36.) 

Let any point D be taken without the circle ABC, and from it let 
two straight lines, DC A and DB, be drawn, of whiich. T^C^^n^x^^^^ 
i^Tcle, and DB meets it. 
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* If the Rectangle AD, DC, be equal to the square of DB, 
Tbon 98 snail touob tbe olrole. 



CONSTRUCTION 

Draw the straight line DE, touching the circle ABC in £ ; (ni. 17) 
find F, the centre of the circle, (m. 1) and join FE, F6, FD. 

DEMONSTRATION 

Then FED is a right angle; (in. 18) 

and because DE touches the circle ABC, and DC A cuts it; 

Oie rectangle AD, DC, is equal to the square of DE ; (ni. 3C) 
but the rectangle AD, DC, is, by hypothesis, equal to the square <^ 

DB; 

therefore the square of DE is equal to the square of DB ; (ax. 1) 

and the straight line DE equal to the straight line DB ; 
and FE is equal to FB. (i. def. 15.) 

Hence in the two triangles DEF, DBF, 

because DE is equal to DB, and £F to FB, 

the two sides DE,»£F, are equal to the two DB, BF, each to each; 

and the base FD is common to the two triangles ; 

therefore the angle DEF is equal to the angle DBF; (l 8) 
but DEF was shown to be a right angle, 

therefore also DBF is aright angle ; (ax. 1) 
and FB, if produced, is a diameter, 
and the ' straight line which is drawn at right angles to a diameter, fhmi 

the extremity of it, touches the circle;' (ni. 16 cor.) 

tberefbre D8 toncbes tbe drole A8C. 
Wherefore, if from a point, &c. Q. E. D. 
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DEFINITIONS. 




A BECTILIMSAL figure is said to be inscribed in another 
Teetilineal figure, when ail the angular points of the in- 
scribed figure are upon the sides of the figure in which 
it is inscribed, each upon each, 

II. 

In like manner a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 



III. 

A rectilineal figure is said to be inscribed in a circle, 
when all the angular points of the inscribed figure are 
upon the circumference of the circle. 

IV. 

A rectilineal figure is said to be described about a circle, 
when each side of the circumscribed figure touches the 
circumference of the circle. 




■^Nl 



In like manner, a circle is said to be inscribed in. ^ T^<iX\V\\^^<^^^^<^.. 
when the circamference of the circle to\ich<iS e^\L i^dift Q^ >^%^^^%« 

03 
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VI. 

A circle is said to be described about a rectilineal 
figure, when tbe circumference of the circle passes 
through all the angular points of the figure about which 
it is described. 

VIL 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 





PROP, I.— PaoBLEK. 

In a gioen circle to place a straight line equal to a given straight line 
which if not greater than the diameter of the circle. 

(References — Prop, l 3.) 

Let ABC be the given circle, and D the giyen straight line not 
greater than the diameter of the circle. 
It is required to place in the circle ABC a straight line equal to D. 



'f{ c 



CONSTRUCTION 

Draw BC the diameter of the circle ABC ; 

then, if BC is equal to D, the thing required is done j 

for in the circle ABC a straight line BC is placed equal to D. 

But, if it is not, BC is greater than D ; (hyp.) 

make C£ equal to D, (i. 3) 

and from the centre C, at the distance C£, describe the circle ASF 

and join CA. 

Tben CA ftball lie equal to 9. 

DEMONSTRATION 

Because C is the centre of the circle AEF, 
tiiere/ore CA is equal to CE ; (l def. 15) 
but D (s equal to CE ; (constr.) 
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tliereftoe B Is eiiaal to'CA; (ax. l) 
Wherdbre^ia the circle ABC, a straight line CA is placed equal to 
the giren straight line D, which is not greater than the diameter of 
the circle. Q. E. F. 



PROP. II.— Problem. 
In a given circle to inscribe a triangle equiangvkar to a given triangle. 

(References — Prop. i. 23, 32 ; m. 17, 32.) 
Let ABC be the given circle, and DBF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular to 
the triangle DEF. 

. H 




CONSTRUCTION 

Draw the straight line GAH touching the circle in the point A ; (iil 

17) 
and at the point A, in the straight line AH, make the angle HAG 

equal to the angle DEF ; (i. 23) 
and at the point A, in the straight line AG, make the angle GAB 

equal to the angle DFE, and join BC. 
Tlien ABO sliaU be tbe triangle required. 

DEMONSTRATION 

Because HAG touches the circle ABC, and AC is drawn from the 
point of contact, 

the angle HAC is equal to the angle ABC in the alternate segment of 
the circle i (in. 32) 
bat HAC is equal to the angle DEF; (constr.) 

therefore oho the angle ABC is eqwd to DEF ; (ax. 1) 
for the same reason, the angle ACB is equal to the angle DFE ; 

therefore the remaining angle BAC is equal to the remaining angle EDF; 

(i. 32, and ax. 1 ) 
wberefore Uie triangle ABC is equiangular to tbe triangrle 

BBP, 
and it im inaeribea In tbe oirole ABC. ^^.^. 
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PROP. IIL— Pboblbm. 

AJK>ut c given circle to describe a triangle equiangular to a given triangk. 

( References ~Fh>p. i. IS, 23, 32; in. 1, 17, 18.) 

Let ABC be the given circle, and DBF the giren triangle. 
It is required to describe a triangle about the circle ABC equiangular 
to the triangle DBF. 



fl F 



CONSTRUCTION 

Produce BF both ways to the points G, H; 

find the centre K of the circle ABO, (nL 1) and from it draw any 

straight line KB ; 
at the point K, in the straight line KB, make the angle BKA equal to 

the angle DEG, (i. 23) 
and the angle BKC equal to the angle DFH; 
and through the points A, B, C, draw the straight lines LAM, MBN, 

NCL, touching the circle ABC. (iil 17.) 

Tben KMW sball be tbe triangle required. 

DEMONSTRATION 

Because LM, MN, NL, touch the circle ABC in the points A, B, C, 

to which from the centre are drawn KA, KB, KC, 

the angles at the points A, B, C, are right angles ; (in. 18) 
and because the four angles of the quadrilateral figure AMBK are 

equal to four right angles, for it can be divided into two triangles; 
and that two of them, KAM, KBM, are right angles, 

the other two AKB, AMB, are equal to two right angles ; (as. 3) 
but the angles DEG, DBF, are likewise equal to two right angles) 

(L 13) 

therefore the angles AKB, AMB, are equal to the angles DBG, DEF, 
(ax. 1) 
of which AKB is equal to DEG ; (constr.) 

wherefore the remaining angle AMB, is equal to the remaining angle 
DEF. (aat. 3.) 
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In like maimer, it may be demonstrated that the angle LNM is eqaal to 
DFE; 
and therefore ihe remaining angle MLN is equal to the remaining angle 

£DF ; (i. 32, and az. 3) 
wtMrefiire tlie trlaasle UOT la eqniangnlar to llie triangle 

and it im deaorllied about tbe eirole ABC. Q. E. F. 



PROP. IV.— Peoblem. 

To inscribe a circle in a given triangle. 

(References — Prop. i. 9, 12, 26; in. 16.) 

Let tbe given triangle be ABC. 

It is required to inscribe a circle in ABC. 




construction 
Bisect the angles ABC, BCA, by the straight lines BD, CD, meeting 

one another in the point D, (l 9; 
from which draw D£, DF, D6, perpendiculars to AB, BC, CA ; (i. lA) 
fnjm the centre D, with the distance DE, describe the circle £F6. 

Tlioii tbe eirole sra abaU be inaeribed in tbe triangle 
ABC. 

DEMONSTRATION 

Because the angle E'BD is equal to the angle FBD, for the angle ABC 

is bisected by BD, 
and that the right angle BED is equal to the right angle BFD ; (ax. 

11) 
then, in the triangles EBD, FBD, 
the two angles of the one are equal to two angles of the other, each 

to each ; 
and the side BD, which is opposite to one of the equal angles in each, 

is common to both ; 



!34 



THE SCHOOL EUCLID. 



[book it. 



therefore their other sides are equal ; (i. 26) 
wherefore D£ is equal to DF ; 
fbr the same reason, DG is equal to DF ; 
therefore D£ is equal to DG ; (ax. 1) 
wherefcre ^ Aree straight lines DE, DF, DG, are equal to om 

another; 
and the circle described from the centre D, at the distance of one of 

them, D£, wiUpass throuyh the extremities of the other two. 

And because the angles at the points E, F, G, are right angles, 

and the straight line which is drawn fh>m the extremity of a diameter 

at right angles to it, touches the circle ; (in. 16) 

therefore the straight lines AB, BC, CA, do each of them touch the 
circle ; 

pa is inscribea in tbe triangle 

Q. E. F. 



ana tberefore tbe eireie : 
ABC. 



PROP, v.— Problem. 
To describe a circle about a given triangle, 
(References— Prop. i. 4, 10, 11 ; in. 31.) 

Let the given triangle be ABC. 

It is required to describe a circle about ABC. 




CONSTRUCTION 

Bisect AB, AC, in the points D, E, (i. 10) 

and from these points draw DF, £F, at right angles to AB, AC 

(I. 11.) 
DF, EF, produced meet one another ; 
for, if they do not meet, they are parallel, 

wherefore AB, AC, which are at right angles to them, are parallti; 
which is absurd ; 
Jet them meet in F, and join F A % 
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also if the point F be not in BC, join BF, CF ; 
and from the centre F, at the distance of FA, describe the circle 
ABC. 

Slien t&e olrde ABC sbaU be desoribed about the triangrle 



DEMONSTRATION 

Becaoae AD is equal to DB, and DF common, and at right angles to 
AB, 

Aerefare the base AF is equal to the base FB. (i. 4.) 
In like manner, it may be shown that CF is equal to FA ; 
therefore BF is equal to FC ; (ax. 1) 

wherefore FA, FB, FC, are equal to one another, 

and the circle described from, the centre F, at the distance of one of 

them, FA, will pass through the extremities of the other two, 
Tberefore tbe eirele ABC to described about tbe trianflrle 

ABC. Q. E. F. 

Cor. And it is manifest that, when the centre of the circle falls wit' in 
the triangle, each of its angles is less tJian a right angle, each of them 
being in a segment greater than a semicircle ; (in. 31) 

but when the centre is in one of the sides of the triangle, the angle 
opposite to this side is a right angle, being in a semicircle ; 

and if the centre fail without the triangle, the angle opposite to (he 
side beyond which it is, is greater than a right angle, being in a segment 
less than a semicircle. 

Wherefore, conversely, if the given triangle be acute-angled, tlie 
centre oftJte circle falls within it; 

if it be a right-angled triangle, the centre is in the side opposite to tlie 
right angle ; 

and, if it be an obtuse-angled triangle, the centre falls witliout the 
triangle, beyond the side opposite to the obtuse angle. 



PROP. VI. — Problem. 

To inscribe a square in a given circle, 

(References — Prop. i. 4, 11 ; m. i. 31.) 

Let ABCD be the given circle. 

Jt is required to inscribe a square in Al^CD. 
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OONSTBUCnON 

Draw the diameten AC, BD, at ri^t angles to one another ; (m. I, 

and 1. 11) 
and join AB, BG, CD, DA. 

He flffore AS<n> wStmU be Inaorfbed in tlie eir«le 



DBMONSnULnON 

Becanse BE is eqnal to ED, for E is the centre, 
and that £ A is common, and at right angles to BD ; 

ihe boat BA is equal to the base AD ; (l 4) - 
and for the same reason, BC, CD, are each of them eqnal to BA or 

AD; 

therefore the quadrilateral figure ABCD is equUateraL 

It is also rectangular; 

for the straight line BD, heing the diameter of the circle ABCD, 

BAD is a semicircle ; 

wherefore the angle BAD is a right angle; (m. 31) 
for the same reason, each of the angles ABC, BCD, CD A, is a right 

angle; 

therefore the quadrilateral figure ABCD is rectangular, 
and it has been shown to be equilateral ; 

therefore the quadrilateral figure ABCD is a square ; (l def. 30) 
and it touches the circumferences of the circle at each of its angles. 

Tberefore tbe aqnare ABCB la inseribea in tbe drOlo 

Q. E.F. 



PROP. VII.— Problem. 
To describe a square about a given circle, 
(References— Prop. i. 28, 34; lu. 17, 18.) 
Jm ABCD be the given circle. 
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It is required to describe a square about it. 
» A F 



B 



m 

LL2 



B 



coysTRUcnoN 
Draw two diameters, AC, BD, of the circle ABCD at right aogles 

to one another $ 
and throogh the points A, B, C, D, draw F6, GH, HE, KF, tonching 

the circle; (m. 17) 

TbeB tlie flgnre OBXF, aball lie deaorlbed about tbe 
eirtfle ABCD. 

DEMONSTRATION 

Because FG touches the circle ABCD, and £A is drawn firom the 

centre £ to the point of contact A, 

t^ angUi at A are right angles ; (m. 18} 
for the same reason, 

the angles at the points B, C, D, are right angles ; 
and because the angle AEB is a right angle, as likewise is EBG, 

therefore GH is parallel to AC ; (l 28) 
for the same reason, 

AC is parallel to YK; 
and in like manner it may be demonstrated that GF, HK, are each of 

them parallel to BED; 

therefore the figures GK, GC, AE, FB, BE, are parallelograms ; 

and therrfore GF is equal to HK, oiuf GH to FK ; (i. 34) 
and because AC is equal to BD, and that AG is equal to each of the 

twoGH, FK; 
and BD to each of the two GF, HK ; 

therefore GH, FK, are each of them equal to GF, or HK $ 

tthertfore the quadrilateral figure GHKF is equilateral. 

It is also rectangular ; 

for GBEA being a parallelogram, and AEB a right angle, 

therefore AGB is likewise a right angle ; (l 84) 
in the same manned, it may be shown that the angles at H, K, F, are 

right angles ; 
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therefore the quadnlatercd figure GHKF it rectangular i 
and it was demonstrated to be equilateral ; 

therefore GHKF is a square ; 
and all its sides touch the circumference of the circle ; 

wlierefore flie square GBXF Is described about tbt 
circle A8C9. Q. £. F. 



IPROP. VIIL— .Pboblem. 

To inscribe a circle in a given square, 

(References— Prop. i. 10, 29, 31, 34 ; m. 16, cor.) 

Let ABCD be the giren square. 

It is required to inscribe a circle in ABCD. 

A E D 



03. 



LU 



CX>N8tRtrCtlON 

Bisect eftch of the sides AB, AD, in the points F, £ ; (i. 10) 
and through £ draw EH parallel to AB or DC ; (i. 31) 
and through F draw FK parallel to AD or BC, cutting EH in G s 
from the centre G, at the distance G£, describe the circle EFHK. 
Tbea tbe drde B1*BS sball be Inscribed in tbe square 
ABOO. 

DEMONSTRATION 

B.'cause each of the figures AK, KB, AH, HD, AG, GC, BG, GD, is 

a parallelogram (constr.) 

their opposite sides are equal; (i. 34) 
and because AD is equal to AB, (i. ^ ^^^^ that AE 

of AD, and AF the half of KH, 

therefore AE is equal to AF ; 
and the sides opposite to the^ 

wherefore FG is equal t 



iH, HD, AG, GC, BG, GD, is 
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in the some inaaner it mny ht denumctritid that OH, QKfmm msh 
of tlietti equal to FG or GE i 
there/ore ihe fouf ttmight Unet GE, GF, GE, GJ&t ^c cfMO/ ff» o<i« 

and ^e circk daKiib&i from the tmitre G, ^ th£ dkkmm ^ m^pf 
them, GE, wiU pas$ thrttu^ft the ei-trtmitltis of the tfdut ilr«t* 

And becstt8« the ftug^ a£ the poisti E. F, H, K^ mm right ■0Cicii| 
(JL29) 

mud th*t the Btr^igbt Hoe wlikb » dnwa fonn tb* tstttmtf eft 
dkmeier, mt Hglti angles to tt. toochef tj»e eireU; (ill. H, Car.) 
dlere/bre tatk &/lki ttr^i^ Un£M AB, BC, CD, DA« fwcAcf Qk etftk 
EFHK. 
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and ihe angle DAB ii bisected by the straight Une AC. 
In the same manner it may be demonstrated that the ajigles ABC^ BCD, 
CD A,, are severally bisected by the straight lines BD, AC. 

Hence, becaose the angle DAB is equal to the angle ABC, (i. de£ SO) 
and that the angle £AB is the half of DAB, and £BA the half of 
ABC; 

the angle EAB is equal to the angle EBA ; (ax. 7) 
thertfore the side EA is equal to the side EB. (i. 6.) 
In the same manner it may be demonstrated that the stnught lines EC, 
ED, are each of them equal to E A or EB ; 
therefore the four straight Unes EA, EB, EC, ED, are equal to one 

another ; 
and the circle described from the centre E, at the distance of one of 

Mem, EA, wiUpass the extremities of the other three; 
wberefore tbe elrole ABCD in deacribea about tbe sqnare 

Q. E. F. 



PROP. X.— Pboblbm. 

To describe an isosceles triangle, having each of the angles at the bate 
double of the third angle, 

(References— Prop. L 6, 6, 32 ; n. 11 ; m. 32, 37 j nr. 1, 5.) 

CONSTRUCTIOK 

Take any straight line AB, and divide it in the point C, so that the 

rectangle AB, BC, may be equal to the square of CA ; (ii. li) 
and th>m the centre A, at the distance AB, describe the circle BDE, 
in which place the straight line BD equal to AC, which is not greater 
than the diameter of the circle BDE j (rv. 1) and join DA. 
Tben tbe triangle A8D abaU be snob as Is required, 
tbat is, eaob of tbe angles AMD, A9B sball be double 
of tbe angle BA9. 

/ 

A 
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Join I>C, and about the triaDgle ADC describe tha circle ACD. 
(IV. 5.) 

DBMONSTBATION 

Becanie the rectangle AB, BG, is equal to the square of AC, and that 

AC is equal to BD, (constr.) 

Oe rectangle AB, BC, is equal to the square qfBD ; (ax. 1) 
and because from the point B without the circle ACD, two straight 

lines BCA, BD, are drawn to the circumferences^ one of which 

cuts, and the other meets the circle, 
and that the rectangle AB, BC, contained by the whole of the cutting 

line, and the part of it without the circle, is equal to the square of 

BD, which meets it ; 

Ifte straight line BD touches the circle ACD ; (m. 87) 
and because BD touches the circle, and DC is drawn from the point 

of contact D, 

the angle BDC is equal to the angle DAC in the alternate segment of 
the circle; (ui. 32) 
to each of these add the angle CD A ; 

therefore the whole angle BDA is equal to the two angles CD A, DAC ; 
(ax. 2) 
but the. exterior angle BCD is equal to the angles CD A, DAC ; 

(1.32) 

therefore also BDA is equal to BCD ; (ax. 1) 
but BDA is equal to the angle CBD, (l 5) because the side AD is 

equal to the side AB ; 

therefore CBD, or DBA, is equal to BCD ; (ax. 1) 

and consequent^ the three angles BDA, DBA, BCD, are equal to one 
another. 

Again, because the angle DBC is equal to the angle BCD, 
the side DB is equal to the side DC ; (i. 6) 

but BD was made equal to CA \ 

therefore also CA is equal to CD ; (ax. 1) 
and t^ angle CDA is equal to the angle DAC ; (|. 5) 
therefore the angles CDA, DAC, together are double of the angle 
DAC; 

but BCD is equal to the angles CDA, DAC ; (l 32) 
therefore also BCD is double of DAC ; 

9nd BCD was proved to be equal to each oi ihe va^^a'Sl^lK^TS^V^ 
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tHerefinre eaoli of the angtes 8D A* BSAf Is aoaUe of the 



Wherefore an isosceles triangle ABD has been described, baring 
each of angles at the base double of the third angle. Q. £. F. 



PROP. XL— Problem. 

To inscribe an equilateral and equiangular pentagon in a given circkt 

(References — Prop. i. 9 ; ni. 26, 27, 29 ; iv. 8, 10.) 

Let ABODE be the giyen circle. 

It is required to inscribe an equilateral and equiangular pentagon in 
the circle ABODE. 

F A 

A 




CONSTRUCTION 

Describe an isosceles triangle FGH, having each of the angles at G, H, 

double of the angle at F ; (iv. 10) 
and in the circle ABCDE inscribe the triangle AOD, equiangular to 

the triangle FGH, (iv. 2) 
so that the angle GAD may be equal to the angle at F, and each of 

the angles AOD, ODA, equal to the angle at G or H ; 

wherefore each of the angles AOD, ODA, is double of the angle GAD ; 
bisect the angles AOD, ODA, by the straight lines OE, DB; (i. 9) 

and join AB, BO, DE, E A. 

Tben ABCBB sball be the equilateral and equlanffolar 
pentagon required. 

DEMONSTRATION 

Becanse each of the angles AOD, GDA, is double of GAD, and that 
they are bisected by the straight lines OE, DB, ^ 

the Jive angles DAG, AGE, EOD, CDB, BDA, are equal to one 
another; 
but equal angles stand upon equal circumferences ; (in. 26) 

therefore the five circumferences AB, BO, GD, DE, EA, are equal to 
one another 
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mid eqval circaiiiferences are sabteaded by eqaal straight lines ; 
(m. 29) 
(hereon <&e fiot gtraight lines AB, BC, CD, D£, £A, are equal to 

oneoHOther; 
wher et are the peptafon ABCBB Is equilateral. 

It is also equiangular ; 

for, because. the circumference AB is eqoal to the circumference 

DE, if to each be added BCD, 

the whole ABCD is equal to the whole EDCB ; (ax. 2} 
but the angle AED stands on the circumference ABCD, and the angle 

BAE on the circumference EDCB ; 

therefore the angle BAE is equal to the angle AED ; (m. 27) 
for the same reason, 

each of the angles ABC, BCD, CDE, is equal to the angle BAE or AED ; 

tlierefbre the pentagon ABCBB le equlangnlar. 
And it has been shown that it is equilateral ; 

wherefore, in the given circle, an equilateral and equiangular 
pentagon has been inscribed. Q. E. F. 



PROP. XII.— Problem. 

To describe an equilateral and equiangular pentagon about a given 
circle. 

(References — Prop, l 4, 8, 26, 47 j m. 17, 18, 27 ; iv. U.) 

Let ABCDE be the given circle. 

It is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 



CONSTRUCTION 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, so that the circum- 
ferences AB, BC, CD, DE, EA, are equal ; (iv. 11) 
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and through the pomts A, B, C, D, £, draw GH, HK, KL, LM, MG, 
toaching the circle, (iii. 17.) 

Then tlie Ikgnre ORX&M sliall be the e^pUlateral -ftBd 
equianffidar pentagon required. 

Take the centre F, and join FB, FK, FC, FL, FD. 

DEMONSTRATION 

Because the straight line KL toaches the circle ABODE in the point 

C, to which FC is drawn from the centre F, 

FC is perpendicular to KL ; (m. 18) 

therefore each of the angles atCis a right angle ; 
for the same reason, 

the angles at the points B, D, are right angles ; 
and hecaose FCK is a right angle, 

the square of FK is equal to the squares ofFC, CK ; (i. 47) 
for the same reason, the square of FK is equal to the squares of FB, 

BK; 

therefore the squares of FC, CK, are equal to the squares qfEB, BK; 
(ax. 1) 
of which the square of FC is equal to the square of FB ; 

therefore the remaining square of CK is equal to the remaining 
square of BK ; (ax. 3) 

and the straight line CK equal to BK. 

Hence in the two triangles BFK, CFK, 

hecause FB is equal to FC, and FK common to hoth, 

the two BF, FK, are equal to the two CF, FK, each to each ; 

and the hase BK was proved equal to the hase KC ; 

therefore the angle BFK is equal to the angle KFC, (i. 8) and the 
angle BKF to FKC ; (i. 4) 

wherefore the angle BFC is double of the angle KFC, and BKC douik 
o/FKC; 
for the same reason, 

the angle CFD w double of the angle CFL, and CLD double o/CLF; 
and hecause the circumference BC is equal to the circumference 

CD, 

the angle BFC is equal to the angle CFD ; (m. 27) 
and BFC is douhle of the angle KFC, and CFD douhle of CFL ; 

therefore the angle KFC is equal to the angle CFL, (ax. 7) 
and the right angle FCK is equal to the rigljt auj^le FCL. 
Hence in the two triangles FKC» 'FLC, 
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there are two angles of one equal to two angles of the other, each to 

each, 
and die side FC, which is adjacent to the eqoal angles in each, is 

oommoa to hoth; 

therefore the other sides shall he equal to the other sides, and the 
third angle to the third angle ; (l 26) 

Uierefore the straight line KG is equal to CL, and the angle FKC to the 
angle TLCi 
and becaose KG is eqoal to GL, 

tkerqfire KL is dcmhle of KG ; 
in the same manner It may be shown that 

H^ is double o/BK, 
And becaose BK is equal to KG, as was demonstrated, and that KL is 

doable of KG, and HK doable of BK, 

lft«re/bre HK if «9ua/ to KL ; (ax. 6) 
in like manner, it may be shown 

that 6H, 6M, ML, are each of them equal to HK or KL ; 
I the pentagon CWIKliliy |s equilateral. 



It is also eqniangalar ; 

for, since the angle FKG is eqoal to the angle FIX), 

and the ai^ HKL doable of the angle FKG, and KLM doable of 

FLG, as was before demonstrated, 

Oe angle HKL is equal to KLM i (az. 6) 
and in like manner, it may be shown that each of the angles KHG, 

H6M, GML, is eqoal to the angle HKL or KLM ; 

therefore the five angles GHK, HKL, KLM, LMG, MGH, are equal 
to one another, 

therefore tbe pentagon OBlUbM la eqn l apgo l a r ^ 
and it is equilateral, as was demonstrated ; 
and it is described about the circle ABGDE. Q. E. F. 



PROP. KHL— Pbobiax. 
To inecribe a circle in a given equilateral and equiangular pentagon, 

(References— Prop. i. 4, 9, 12, 26 ; in, 16.) 
Let ABGDE be the giren equilateral and equiangular pentagpn^ 
It is Teqmred to inscribe a circle in the pentag^iL K&^lSlk 
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therefore ihe otber sides shall be equal, each to each ; (l 26) 
wktr^Kre the perpendicular FH w equal to the perpendicular FK. 
In the same manner it may be demonstrated that FL^ FM, F6, are 
each of them equal to FH or FK; 
therefore the five straight lines F6, FH, FK, FL, FM, are equal to 

one another; 
wker^ore Ae eirde described from the centre F, at the dietance of one 

^ them, F6, wHlpass through the extremities of the other four. 

And because the angles at the points G, H, K, L, Bf, are right angles, 
md that a straight line drawn from the extremity of the diameter of a 
cinia at right angles to it, touches the circle ; (m. 16) 
iker^fifre each of the straight lines AB, BC, CD, DE, EA touches the 

tbm olr^le OBX&M la InseHbed la the 

Q.E.F. 



PROP. XIV.— Problem. 

To describe a circle about a given equHatercd and equiangular pentagon, 

(References — Prop. i. 6, 9.) 

Let ABCDE be the ^yen equilateral and equiangular pentagon. 
It IS required to describe a circle about it. 

A 




OONSTEUCnON 

jBiflcet the angles BCD, CDE, by the straight lines FC, FD, (l 9) 

^ from the point F, in wlMch they meet, draw the straight lines FB, 
CA, FE, to the points 6, A, E ; 

«MB the centre F, at the distance FA, FB, FC, FD, or FE, describe 
-illMelrele ABCDE. 

ABCBB sliall be aeserllied as required about tbe 
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DBUONSTRATION 

It may be demonstrated, as in the same manner as in the preceding 
proposition, that 

the angks CBA, BAE, A£D, are bisected by the straight lines Ffi, 
FA,FE; 
and because the angle BCD is equal to the angle CDE, 
and that FCD is the half of the angle BCD, and CDF the half of 
CDE; 

the angle FCD is equal to FDC ; (ax. 7) 
wher^ore the side CF if equal to the side FD. (l 6.) 
In like manner it may be demonstrated that FB, FA, FE, are each of 
them equal to FC or FD ', 
therefore the fire straight lines FA, FB, FC, FD, FE, are equal to 

one another ; 
and the circle described from the centre F, at the distance of erne (if 

them, shall pass through the extremities of the other four, 
wberefore the eircfle ABCBB Is aeaorlbea a1>oat tbm e^ol- 
lateral ana equlangnlar pentagon ABCBX. Q. £. F. 



PROP. XV.— Pboblem. 
To inscribe an equilateral and equiangular hexagon m a gioen circU, 

(References— Prop. i. 5 cor., 13, 15, 32 ; hl 1, 26, 27, 29.) 
Let ABCDEF be the giyen circle. 

It is required to inscribe an equilateral and equiangular hexagon 
in it. 




CONSTRUCTION 



Find the centre G of the circle A.1^C\>11¥, (jzdl I) «Dd dimv the 
diameter AQD ; 
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and from D as a eentre, at the distance DO, describe the circle 

EGCH; 
join EG, C6, and produce them to the points B, F i and join AB, BC, 

CD, DE, EF, FA. 

men ABCBBl* sball be aa equilateral and equlaiiiralar 
bezagroii Inacrlbed as reqnirea In tbe i^ven eli^le. 

DEMONSTRATION 

Because G is the centre of the circle ABCDEF, 

dierefore G£ is equal to GD ; 
and because D is the centre of the circle EGCH, 

diitrefore DE is equal to DG ; 

wherefore GE is equal to ED, (ax. I) 

and the triangle EGD if equilateral; 

and therefore its three angles EGD, GDE, DEG, are equal to one 
another ; (l 5 cor.) 
but the three angles of a triangle are equal to two right angles ; 

(1.32) 

therefore the angle EGD U the third part of tuH) right amgles ; . 
in the same manner it may be demonstrated that 

Me angle DGC is also the third part of two right angles; 
and because the straight line GC makes with EB the adjacent angles, 

£GC, CGB, equal to two right angles, (l 13) 

the remaining angle CGB is the third part of two right angles ; 

Hierefore the angles EGD, DGC, CGB, are equal to one another ; 
and to these are equal the vertical opposite angles BGA, AGF, FGE ; 

(I. 16) 

therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, are 
equal to one another ; 
but equal angles stand upon equal circumferences ; (m. 26) 

therefore the six circumferences AB, BC, CD, DE, EF, FA, are equal 
to one another ; 
and equal circumferences are subtended by equal straight lines; 

(m. 29) 

therefore the six straight lines are equal to one another^ 

ana tbe bexagon ABCBBl" la equUateraL 

It is also equiangular ; 

for, since the circumference AF is equal to ED, 

to each of these add the circumference ABCD ; 

therefore the whole circumference FABCD is equal to the fohclA 
EDCBA; 
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and the angle FED stands upon the oircmnferenec FABCD, and ths 

angle AFE upon EDCB A ; 

^ere/ore the angle AFE is equal to FED ; (m. 27} 
in the same manner it may be demonstrated that 

the other angles of (he hexagon ABCDEF art each ofAtm iBqual to 
the angle AFE or FED ; 

tlMrefdre the liezaffon ABCBBl* Is equlangnlar | 
and it is equilateral, as was shown ; 
and it is inscribed in the given circle ABCDEF. Q. £. F. 

Cor. From this it is manifest that the side of the hexngoix^ia ^H^ 
to the straight line from the centre, that is, to the semidifuneter of the 
circle. 

And if through the points A, B, C, D, E, F, there be drawn straight 
lines touciilng the circle, an equilateral and equian^ular'hexagon diall 
be described about it, which may be demonstrated 'from what has been 
said of the pentagon ; and likewise a circle may be inscribed in t 
given equilateral and equiangular hexagon, wnd circumscribed ahoiti it, 
by a method like that oaed for the pentagon. 



. PROP. XVL— Problem. 
To inscribe an equilateral and ^quiofiguhr quindeeagon m a gioem eirde, 
(Beffeuen^jes— Prop. in. 27, 30; ly. 1, 2, 11.) 
Let ABCD be the given circle. 

It is required to inscribe an equilateral and eqoiangolai^ qnindecagon 
in it. 



CONSTRUCTION 

Let AC be the side of an equilateral triangle inscribed in the circle 

ABCD, (IV. 2) 
and AB the side of an equilateral and equiangular pentagon inscribed 
ID the same; (ir. 11) 
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bneet the dreomference BC in E, (in. 30) and join BE, EC ; 

draw straight lines equal to these, and place them contiguoos to each 

other round the circle, (it. 1.) 

TliMi ABCBV sball be an equilateral ana eqalangnlar 
VUndeoaffon descrlbea as required In tbe eirole ABCn>. 

DEMONSTRATION 

Because of such equal parts as the whole circumference ABCDF 

contains fifteen, the circumference ABC, which is the third part of 

the whole, contains five ; 
and the circumference AB, which is the fifth part of the whole, contains 

three; 

Aerefore iheir difference BC contains two such parts, 
but BC was bisected in E ; (constr.) therefore BE, EC are each of 

them the fifteenth,part of the whole circumference ABCD ; 

wbarefore tbe d^mre ABBCBF la equUateraL 

And because each of its angles stands upon thirteen-fifteenths of the 
circumference, 

Uiereftore the d^nre ABBCBV U equiangular, (m. 27.) 
Wherefore an equilateral and equiangular quindecagon has been 
inscribed in the circle ABC. Q. E. F. 

And in the same manner as was done i^ the pentagon, if through the 
points of division made by inscribing the quindecagon, straight lines 
be drawn tonching the circle, an equilateral and equiangular quin- 
decagon shall be described about it ; and likewise, as in the pentagon, 
a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 



QUESTIONS AND EXEECISES 

OK 

BOOK I. 



DEFINITIONS. 

1. Define a point, n. Define a line. in. What are the extremities of a 
line? IV. What is a straight line? y. Define a superficies, yi. The extre- 
mities ol a superficies, vn. A plane superficies, yin. A plane angle, ix. 
A plane rectilineal angle, z. A right angle, and a perpendicular, zi. An 
obtuse angle, xn. An acute angle, xni. What is a term, or boundary? 
jay. Define a figure, xy. A circle, xvi. What is the centre of a circle? 
xyn. What is the diameter of a circle? xvm. What is a semicircle? xix. 
What is the centre of a semicircle? xx. Define a rectilineal figure, xxi. A 
trilateral figure or triangle, xxn. A quadrilateral figure, zxm. A mul- 
tilateral figure, OP polygon, xxiy. An equilateral triangle, xxy. An 
ieoBceles triangle, xxyi. A scalene triangle, xxvn. A right-angled triangle. 
zscyni. An obtuse-angled triangle, xxix. An acute-angled triangle, xxx. 
A square, xxxi. An oblong, xxxn. A rhombus, xxxni. A rhomboid. 
zxzry. A trapezium, xxxy. What are parallel straight lines? 

POSTULATES. 

I. Enunciate the first postulate. 
n. Enunciate the second postulate. 
m. Enunciate the third postulate.. 

AXIOMS. 

X. How are things which ase equal to the same thing related to one 
another ? 

n. If equals be added to eqjaals, how are the wholes related to one 
another ? 

m. If equals be taken firom equals, how are the remainders related to 
one another ? 

xy. If equals be added to unequals, how are the wholes related to one 
another ? 

Y. If eqnals be. taken from unequals^ how are the remaindera related to 
one another? 
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VI. How an the doubles of the same thing reUted to one another? 

YEL How are the halves of the same thing related to one another? 

yiXL When are magnitudes eqnals? 

IX. How is the whole related to its part? 

z. How are right angles related to one another? 

XL Under what drcametaiices will two straight lines meet, if thqr are 
oontinnally prodnoed, and on what ^e will they meet? 



ENUNCIATIONS AND COBOLLABIES OF THE PBOPOSITIONS 
OF BOOK L 

FOB EXAMHIATION APABT PBOM THB TEXT. 

Prop. 1. To describe an equilateral triangle upon a given finite straight 
line. 

Prop. 2. From a given pomt to draw a straight litie tf)ual to a giwi strai^t 
fins. 

Prop. 8. From the greater of two ^ven straight lines to cut off a part equal 
to the less. 

Prop. 4. If two triangles have two sides of thf one equal to two ddea of the 
other, ei|oh to each, an4 have likewise the angles contained hj those sides equal 
to <»e another, thej shall lii^wise have their bases, or tiOrd sides, equal ; and 
the two triangles shall be equal ; and thar other angles shall be equid, each to 
each, viz., those to whidi the equal sides are opposite. 

Prop. 5. The angles at the base of an isosceles triangle are equal to one 
another; and if the equal sides be produced, the angles upon the other aide of 
the base shall be equad. 

Cor. Eveiy eiquilateral triangle is also equiangular. 

Prop. 6. If two angles of a triangle be equal to one another, the sides abo 
which subtend, or are opposite to the equal angles, are equal to one another. 
Cor. Every equiangular triangle is also equilateral. 

Prop. 7. Upon the same base, and on, the same ddeof it,, there Cf^otbe 
two triangles having their sides terminated in one extremity of the base, equal 
to one another, and likewise those which are termiiiated in tiie oih^ir exinAQtj. 

Prop. 8. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise their bases equal; the angle which is 
oontained by the two sides of the one shall be equal to the ai^le cootainsd V^ 
two sides equal to them of the other. 

Prop. 9. To bisect a given lectilineal angle ; that is^ to dividt.it into Vwo 
equal angles. 

Prop. 10. To bisect a given finite strai^t Une ; that U, to ditidis it intot#o 
equal parts. 

Pro^. 11. To draw a straight fine at right angles to a given atraiglit Ihie, 
firom a given point in the same. 
Prop, 12, To draw a straight Une perpendicular to a given itnd^t line of 
unlimited Jength, from a given point mUiout \\k 
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Prop. 18. The angles which oas stnught line makes with aaother upoii ooe 
side of it, are either two right angles, or are together equal to two right 
angles. 

Prop. 14. If, at a pcnnt in a straight line, two other stnught Hnes, upon the 
opposite sides of it, make the adjacent angles together eqnal to two right 
angles, these two straight lines shall be in one and the same straight line. 

Prop. 15. If two straight lines eat one another, the rertical or opposite angles 
shall be equal. 

Cor. 1. If two straight Imes cat one another, the angles they make at the 
point where they cat, are together equal to four right angles. 

Cor. 2. All the angles made by any number of lines meeting in one point are 
toigether equal to four right angles. 

Pn^. 16. If one side of a triangle be prodacisd, the eiterior angle is greator 
than either of the intmor opposite angles. 

Prop. 17. Any two angles of a triangle are together less than two right 
angles. 

Prop. 18. The greater side of eveiy triangle is opposite to the greater angle. 

V 

Prop. 19. The greater angle of every triangle is subtended by the greater 
side^ or has the greater side opposite to it 

Prop. 20. Any two sides of a triangle are together greatbT than the third mde. 

Prop. 21. If from the ends of a side of a triangle'j' there be drawn two 
rtrioght lines to a point within the triangle, these shall be less thin the other 
two ndes of the triangle, but shall contain a greater angle. 

Prop. 22. To make a triangle of which the sides shall Be equal to three 
given straij^t lines, but any two whatever of these must b^ gt«ater than the 
thinL 

Prop. 28. At a given point in a given straight line, to nkake a rectilineal 
angle ^qual to a given rectilineal angle. 

Prop. 24. If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of one of them 
greater than the angle contained by the two sides equal to them of the other; 
the base of that which has the greater angle shall be greater than the base of 
tiie other. 

Prop. 25. If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the base of the one grtoter than the base of .the 
other; the angle contained by the sides of thitt ^hich has the greater base, 
aball be greater thdn the angle contained by the sides equal to them of the 
other. 

Prop. ^6. If two triangles have two angles of the one equal to tWo angled of 
Iha oitiier, each to each; and one side equal to one side, viz., dther tJie sides 
adjacent to the equal angles, or the sides opposite to equal angles in each; then 
the other sides riiall be equal, each to each, and also the third angle of the one 
to the third angle of the other. 

Prop. ^7. If a straight line fklling apon two other straight lines, make the 
Utemate angles equal to one another ; these two straight lines shall be parallel. 

Prop. 28. If a straight line falling upon two other straight lines, make the 
exterior angle equal to the interior and opposite angle upon the same side of the 
Hue ; or make the interior angles upon the same side together eqaal tQ twa 
right angles ; the two straight lines ^aW be ^xaM. Xa qta vosi^DSst^ 
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Prop. 29. If ft straight lino ML xipoa two ptrallel straight Unas, it i 
the alternate angles eqiul to one anoUier ; and the exterior angle eqnal to thi 
interior and opposite angle npon the same side; and likewise the two interior 
angles upon the same aide together equal to two right angles. 

Prop. 80. Straight lines which are parallel to the same straight line, tn 
parallel to each other. 

Prop. 31. To draw a straight line through a given point parallel to a giTSD 
straight line. 

Prop. 82. If a side of any triangle be produced, the exterior angle is eqnsl 
to the two interior and opposite angles; and the three interior angles of erery 
triangle are together equal to two right angles. 

Cor. 1. All the interior angles of any rectilineal figure, together with finr 
right angles, are equal to twice as many right angles as the figure has sides. 

Cor. 2. All the exterior angles of any rectilineal figure (made by prodaekig 
the sides sucoessively in the same direction), are together equal to four right angles. 

Prop. S3. The stnught lines which jom the extremities of two equal and 
parallel straight lines towards the same parts, are also themselves equal and 
parallel 

Prop. 84. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameter bisects it, that is, divides it into two equal parts. 

Prop. 35. Parallelognims npon the same base, and between the same pacsl- 
lels, are equal to one another. 

Prop. 36. Parallelograms upon equal bases, and between the same pftralkls, 
are equal to one another. 

Prop. 37. Triangles upon the same base, and between the same parallels, sxe 
equal to one another. 

Prop. 38. Triangles upon equal bases, and between the same parallels, an 
eqnal to one another. 

Prop. 39. Equal triangles upon the same base, and upon the same ode of it^ 
are between the same panllels. 

Prop. 40. Equal triangles upon equal bases in the same straight line, and 
towards the same parts, are between the same parallels. 

Prop. 41. If a parallelogram and a triangle be upon this same base, and 
between the same parallels; the parallelogram shall be doable of the triangle* 

Prop. 42. To describe a parallelogram that shall be equal to a given tiiaogls^ 
and have one of its angles eqnal to a given rectilineal angle. 

Prop. 43. The complements of the parallelograms, which are aboat ths 
diameter of any parallelogram, are equal to one another. 

Prop. 44. To a given straight line to apfdy a parallelogram, which shall be 
equal to a given triangle, and have one of its angles equal to a given lectiliiiesl 
angle. 

Prop. 45. To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle. 

Cor. To a given straight line, to apply a purallelogram, which shall have an 
angle equal to a given rectilineal angle, and shall be equal to a given rectilinsal 
figure. 

Prop. 46. To describe a square upon a given straight line. 
Cor. Eveiy parallelogram that has one right angle, has all its angles right 
angles, » 
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Pkt^ 47. In any right-angled triangle, the square ^diieh is descrihed upon 
the mde snhtending the right angle, is equal to the sqoarea described upon the 
aides which contain the right angle. 

Prop. 48. If the square described npon one of the sides of a triangle, be 
.equal to the sqnares described npon the other two sides of it; the angle con- 
tained by these two sides is a right angle. 



GEOMETBICAL EXEBCISES ON BOOK L 

The following Exercises, which haye been selected on account of their sim- 
plicity, and their value as geometrical fiicts useful to the learner in more 
ndyanoed inyestigations, have been arranged, up to Ex. 48, as far as possible in 
the order of the Propoeitions. After that number they are of a more miscel- 
laneous character, but it is belieyed that none of them are beyond the capacity 
of the student who has gone carefully through the First Book. 

1. In the figure of Euclid, Book I., Prop, l, describe an equilateral triangle 
upon the other side of AB. 

2. If in the same figure, AB be produced both ways to meet the circles in D 
and E, and from C, the lines CD and CE be drawn; show that the triangid 
CDE is isosceles. 

3. In the same figure, if the drcles intersect in F on the other side of AB, 
and AF, BF be drawn ; prove that ACBF is a rhombus. 

4. In the same figure, if the given line is produced to meet dther of 
the circles in P ; show that P and the points of intersection of the cux;les, are 
the anguhr points of an equihiteral triangle. 

5. If in the same figure, CA, OB be produced to meet the circumference 
in D, E, and F be the other point of intersection of the circles, show that 
DF, EF are in one line. 

6. Upon a given straight line describe an isosceles triangle that shall have 
each of its sides double of the base. 

7. Prove by superposition, that if two squares have one side of the one equal 
to ome side of the other, the squares are equal in all respects. 

8. In the figure of Prop, l 5, if FO and BG meet at H, show that AH 
bisects the angle BAO. 

9. In the same figure, if FO and BG meet at H, show that FH and 6H are 
equal 

10. On a given stnught line to describe an isosceles triangle, of which the 
perpendicuhir height is equal to the base. 

1 1. In an isosceles triangle, the straight line which bisects the vertical angle 
also bisects the base, and is perpendicular to it. 

12. In an isosceles triangle, the line drawn from the vertex to the middle 
point of the base bisects the vertical angle, and is perpendicular to the base. 

13. If, in a triangle, the perpendicukr from the vertex on the base bisect the 
base, the triangle is isosceles. 

14. The opposite angles of a rhombus are eq^xal. 
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15. A given angle BAG is bisected ; if OA be prodaoed to G, and the ngle 
BAG bisected, the two Insecting lines are at right angles. 

16. Prove the second part of Prop. i. 16, viz., that the exterior angle ACD 
is greater than the interior oppOBite angle ABO. 

17. In the fignra of Prop. i. 17, show that ABC and ACB are together 
less than two right angles, by joining A to any point in BC. 

18. The perpendicoUur is the shortest straight line that can be drawn from a 
given point to a given straight line ; and of others, that which is nearer to Uw 
perpendicnkr is less than the more remote ; and two, and only two, equal straight 
lines can be drawn from the given point to the given straight lino, one on each 
side of the perpendicnlar. 

19. The difference of any two sides of a triangle is less than the third. 

20. The three sides of a triangle taken together are grsatfer tiian the donble 
of any one side, bnt less than the donUo of any two sides. 

21. To make a triangle eqnal to a given tffangle. 

22. The perpendiculars let fall on two sides of a triangle from any poiiiik 
in the straight line bisectiDg the angle between them, are equal to| eaf;h (^er. 

23. If two lines bisect perpendicularly two sides of a triangle-, the perpeadi- 
cnlar from their point of section upon the base, will bisect it. 

24. If a straight line falling upon two other straight lines, make the two 
exterior angles on the same side of it equal to two right angles, these two 
straight lines are parallef. 

25. Any straight line parallel to the base of an isosceles triangle makes 
eqnal angles with the sides. 

26. If a line be perpendicular to one of two parallel lines, it will be perpen- 
dicobur also to the other. 

27. Lines which are perpendicular to parallel lines are also panll^ 

28. The straight line which Mftcts the sides of a triangle is parallel to its 



29. If a line be drawn through the middle point of one side of a triangle, 
parallel to the base, prove that it will bisect the other side. 

30. Prove that the triangle cut off by this parallel is one-fourth part of the 
whole triangle. 

31. Prove that the line drawn from the vertex of a triangle, bisecting thi 
base, bisects every parallel to the biise, Whether above or belo# the vertek. 

32. Each angle of an equiktoral triangle is a third of two right angles, or 
two-thirds of one. 

33. Trisect a right angle. 

34. If the straight line bisecting the exterior angle of a triangle be parallel 
to the base, show that the triangle is isosceles. 

35. If the sides of an equilateral and equiangular hexi^gon, or six-aided 
figure, be produced till they meet, the angles formed at the points of meetio^ 
are together equal to four right angles. 

36. The parts of all perpendiculars to two parallel Imes, intercepted twtwe^ 
tiiem, are eqnal. 

37. If the opposite sides of a quadrilateral be eqnal, it is a parallelogram. 
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9S. The diagonals of a parallelogram biseet each other. 

59. The parallelogram, whose diameters are equal, is rectangular. 

40. ABCD is a parallelogram, E is the middle point of DO ; show that the 
triangle AEB is half the parallelogram. 

41. Prove that the four triangles into which a parallelogram is diyided bj 
Its diagonals are equal in area. 

42. If the opposite sides of a trapezium be parallel to one another, the 
MnSgbt finid joining their bisections, bisects the trapezium. 

43. If, from any point within a parallelogram, straight lines be drawn to the 
'extremities of two opposite sides, the two triangles upon these sides are together 
equal to half of the parallelogram. 

44. The parallelograms about the diagonal of a square are squares. 

45. In the figure, l 43, join £H, BD, and GF; prove that the three diagonals 
thus drawn, are parallel to each other. 

46. In the figure, i. 47, if B6 and OH be joined, these lines will.be 
{SaoralleL 

47. In the figure, i. 47, if 6 and H be joined, show that the triangle GAH 
iHH be equal to the given triangle ABO. 

48. & a rhombus, the squares of all the sides are together equal to thf 
squares of the diagonals. 



49. A straight line is drawn bisecting a parallelogram ABOD^ and meeting 
AD in £ and BO at F ; show that the triangles £BF and 0£D are equal 

50. Given the dii^onal of a square to construct it 

51. If the sides of a quadrilateral figure be bisected, and the points of bisec- 
ticfn joined, the included figure is a parallelogram, and equal in area to half the 
original figure. 

52. The square on the diameter of any square is double of it* 

53. The square on the base of an isosceles triangle, whoee vertical angle is 
ft right angle, is equal to four times the area of the triangle. 

54. If the diagonals of a parallelogram are equal, all its angles are equaL 

55. Through a given point P, to draw a straight line, which shall cut o£f 
equal parts from two straight lines AB and AO, cutting one another in A. 

56. To draw a straight line from a given point to meet another straight line, 
whkih shall make with it an angle equal to a given rectilineal angle. 

57. To draw a straight line through a given point such that the part of it 
intercepted between two given parallel straight lines may be of given leAgth. 

58. Draw a line £F parallel to the base BO of a triangle ABO, so that EF 
shall be equal to BE. 

59. In a given square to inscribe an Cquilat^riil triangle, ha^g one of its 
angular points upon one of the angular points of the square, and its two 
remaining angular points one in each of two adjacent sides of the square. 

60. To mscribe a square in a given right-angled isosceles triangle. 

61. Given the perpendicular and the side of an IsosceleB triangle, to con- 
struct it. 
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62. If the two exterior angles at the base of a triaDgle be bisetited, and the 
Insecting lines produced nntH they intersect, the line drawn from the point to 
the vertical angle will bisect it. 

63. ABC is a triangle, right-angled at A, and haying the angle B doable of 
the angle C; show that the side CB is doable of the side AB. 

64. The lines which bisect the angles of any parallelogram, form a rectangalar 
parallelogram, whose diameters are parallel to the sides of the former. 

65. In any triangle ABC, if BE, CF be perpendicalars on any line throogfa 
A, and D be the bisection of BC, show that DE^DF. 

66. In any right-angled triangle, the middle point of the hypotenase (side 
opposite the right angle) is eqaally distant from the three angles. 

67. On the sides AC, BC of a triangle ABC, sqnares ACDE, BCFH are 
described ; show that the straight lines AF and BD are eqaal. 

68. The sqaare on the side subtending an acute angle of a triangle is less than 
the squares on the sides containing the acute angle. 

69. The square on the side subtending an obtuse angle of a triangle is greater 
than the squares on the sides containing the obtuse angle. 

70. In the figure of Prop. i. 47 prove that if perpendiculars be let fidl from 
F and E on BC produced, the parts produced will be equal ; and the perpendi- 
calars together will be equal to BC. 

71. If two circles cut each other, the line joining their points of intersectiQii 
is bisected at right angles by the line joining their centres. 

72. Describe a circle which shall pass through two given pdnts, and have its 
centre in a given line. 

73. PSrom two given points on the same side of a given line, draw two IhM 
which shall meet in that line and make equal angles with it. 

74. Through a given point draw a line, so that the perpendicolars upon it 
from two other given points may be equal to each other. 

75. In a given straight line, find a point equally distant from two given 
prants ; one in, and the other without, the given straight Ime. 

76. If the stndght lines bisecting the angles at the base of an isosceles tri- 
angle be produced to meet, they will contain an angle equal to an exterior anig^ 
of the triangle. 

77. If in a right-angled triangle a line be drawn dividing the right angle into 
two parts, which shall be respectively equal to the adjacent base angles, prque 
that it wUl bisect the hypotenuse. 

78. If a line be drawn from the middle of the hypotenuse of a rigkt>aog^ 
triangle to the right angle, prove that it will be equal to half the hypotenuse. 

79. Draw a line DE, parallel to the base BC of a triangle ABC, ao that DB 
is equal to the sum of BD and CK 

80. Draw a line DE, parallel to the base BC of a triangle ABC. so tbat DE 
18 equal to the difference of BD ^d CE. 
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DEFINITIONS. 

1. Define a rectangle. By what is it ccmtained? 

2. Define a gnomon. 

PROPOSITIONS AND COBOLLAMEa. 

Prop. 1. If there be two straight lines, one of which is divided into sny 
number of parts ; the rectangle contained by the two straight lines is eqnal to 
the rectanj^ oontuned by the undivided line, and the several parts of the 
divided line. 

Propi 2. If a straight line be divided into any two parts, the rectangles con- 
tained bv the whole and each of the parts, are tpgether equal to the square of 
the whde Hne. 

Prop. 3. If a straight line be divided into any two parts, the rectangle con- 
tained by the Whole imd one of the parts, is equal to the rectangle G<Hitained by 
the two parts, together with the square of the aforesaid part 

Propi 4* If a straight line be divided into any two parts, the square of the 
whole line is equal to the squares of the two parts, together wit& twice the 
rectangle oontabed by the parts. 

Cor. The parallelograms about the diameter of a square are likewise squares. 

Prop. 5. If a straight line be divided into two equal parts, and also into two 
ttnequa] parts, the rectangle contained by the unequal parts^ together with the 
square dt the line between the paints of section, is equal to the square of half 
theline» 

Cor. The difibrence of the squares of two unequal lines is equal to the 
rectangle contained by their sum, and their di&rence. 

Prop. 6. If a straight line be bisected, and produced to any point, the rectangle 
contained by the whole line thus prodnced, and the part of it produced, together 
with the square of half the line bisected, is equal to the square of the straight 
line which is made up of the half and the part produced* 

Prop. 7. If a straight line be divided into any two parts, the squares of the 
whole line, and of one of the parts, are equal to twice the rectangle contained by 
the whole and that part, together with the sq^iaxe ot \2ii<b ^^\.\i«t ^^as^. 
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iffM^Asaln, let amlO, then aa=90 ; and ««6 1 

then ADalO-h6, and DB«10<»6, 
(10+6) (10-6)= 100-86, 
to MCh of these equals add 6S or 86, 
16x4+86=100, 
/*64+86sl00. 



PROP. VI. THEOREM* 
Aiga^JUIt ABs9a, theo AC=CS=a; and CD=jr; 

then AD, the greater of the two unequal parts, sjr<fa, 
and BD, the less, »»->«, 

.*. (*+a) (*-a)«««-a», 
by transpoeltion, («+a) (jr-a)+a<=dr3. 

U., AD . DB+BC2=CI>>. 
AritK-^kwthit let as8, then 8a=l6; and xs:I2; 

then AD=12+8, and BDaiS-^8, 
.'. (12+8) (l2*-8)=l2«-8«, 
Xxj transposition, 20><4+8S«-l22, 

80+64-U4. 

PROP. VII. THEOREM. 

Atgeb^-JjOt ABsjr, AC=y, and CB*^<f ; 

then (/=«— jr, 
squaring these, <(>m«s— &cy+^, 

bf transposition, tf>-+2«y=«s+y*. 

l.e., ABHBC2s2 AB . BG+A(7. 
ilr«*.- Again, let jr8l6, y=9, and d=7 ; 

then 7=16-9, 
squaring these, 7^= 16^-2 (9 x 16)+9>, 

49=266-288+81, 
tqr transposition, 49+288:^256+81. 

PROP. VIII. THEOREM. 

Algeb,^lM ABsa, and CB=BD=y; 

then AB+BD=a+y, 
and AC or AB— BD=a<^y, 

(a+j^)i=a«+2fly+y», 
(a-y)«=fl«-2fly+y«, 
by subtraction, (a+^)^— (a-y)<=4 ap, 
by transposition, (a+y)^=4ay+(a— y)^ 

i.e., 4 AB . BC+ ACS=(AB+BG)< 
ilr<tlU.Again, let asl6, and CB=BD=6, 

then AB+BD=16+6, 
and AB-BD=16-6, 

(16+6)«=2S6+ 192+100, 
(16-6)<=S&6-^ 192+100, 
by subtraction, 32S-10X=384 

by transposition, 484aB884+100. 

PROP. IX. THEOREM. 

Algeb^t^ AC=CB«iBa, and CD=«; 

then AP, the greater of the two unequal parts, =a+jr, 
and DB, the less, =a-jr, 
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(a-*)2=:a2-2fl*+*2, 
by addition, (ii+*)«+(a - ««) =:2a2+ar«. 

i.e., AD2+DB2=2 (AC«+CDa). 
ilrtM.— Again, let aalO, and jrs=4, 

then ADs 104-4 
and DB»10>4 
(10+4)«=rl00+80-|-16, 
(10-4)2sl00-80+16, 
by addition, 196+36=200+32. 

FROF.X. THEOREM. 

Algeb,^Let AC=sCB-a, and CDsjr, 

then AD, the greater of the two unequal parte, «»+a, 
and BD, the lew, sjf— 4, 

(jr+a)2=jr2+2adr+tfS, 
(jr-a)«=:*«-2a*+a«, 
by addition, (jr+a)H('-a)2=2««+2aS. 

U., AD<+DB2=2 (ACS+CDS). 
ilfiM.— Again, let aslO, and «slS ; 

then AD«12+10, and BDsl2-10, 
(12+10)2=144+240+100 
(12-10)2=144-240+100 
by addition, 484+4=288+200. 

PROF. XL THEOREM. 

Algebw—Jje/t ABso, and one of the unknown parts =«, the other wlU therefore 

then by the problem «*=a (a—') 

by transposition we haye the quadratic equation, as+orsa*, 
and completing the square, xS+or+^stfS^^ 




Thus AH the one partsxs^^-^ . AB. 
and HB the other part=a— xs^^^ . AB. 

AriOi^^Vft cannot demonstrate this proposition numeriealfy, for it is impossible 
to divide a number into two parts, so that the product of the whole num- 
ber and one of the parts shidl be acadly equal to the square of the other 
part. We can, howcTer, approximate to the Talue of AH and HB bj 
extending the root of 5 to any number of decimal places desired. 

FROF.Xll. THEOREM. 

Jlgeb,^Jjet BCso, CAs6, AB=c, CDmf, and DAsy; 
then BDoa+x, 



Xiv OBOHXTBICAI. BZBBOiaiP» 

bj Prop, 1. 47, c«= («+«)«+f«, 

and ^ss^s+y*. 
tqr lobtnclioii, .*. eS--^»(a+«)S-4«, 

by traiitpoiltioo, .*. d^ssif^ifi^iagt 

.*. e* it greater than 6>4>tfS by Sat* 
i.e., AB> it greater than AC^+CB^ by 2 BC . CD. 

^riM.— Again, let as6, dtse>708, c=10; and jrs8, and y=6; 
then BDsii4.jras5+S 
by Prop. 1. 47, 10«= (6+8)«+6», 

6*7(M*or4ft«:82-f62, 
Iqr subtraction, 10X-46s(5+3)<'3S=5t^.s (6x8)+8S-8>, 
.M0a=46+6H-2(6X8), 
ie., 10* if greater than 4A-f «* by 2 (5x8), 
or 100 it greater than 46+26 bj 80. 



PRQP«XIIL THEOREM. 

CAM I. 

Algeb.^jAit BCso, ACs6, ABssc; and BDsjr, and ADsy. 
Then DC=a-«, 
Vy Prop. 1. 47, <s«=^+«*, 

6«=yH(a-*)«. 
by lubtraction, .*. e3-62-jr«-(a-jr}«, 

Bsjia-a»+ 2 «*-*•, 
s2adr— o^, 
by tranipoiition, iiS+e3=^+2adr, 

or 6S-|*2Ars:a2-fc>, 
.*. 6> Is left than aH<^ by 2<ur. 

lA, ACSislessthaaCBS+BA;it>y2GB.BD. 

ilrft*.— Again, let aalO» 6sV4l or 6*4031, c^V^ or 7*8102; and xss6, and yss5 
then DBtsa-xs 10-6=4, 
• by Prop. 1 47, 7-8I02«=6»+6«, and 6'4081«=6a+4«, 

by snbtmctloij,7-8102»-6'4031«=6«-42=6«- 102+2 (10x6)-6«»b2 (10x6)-1 
by transposition, 10>+7*81022=6*403l2+2 (10x6), 
or 6-40312+2 (10x6)=102+7-81022, 
L e. 6-40312 is less than 102-1.7-8102 by 2 (10x6), 
or 41 is less than 100+61 by 120. 



bf Prop. 1. 47, /. c«=*2+y«, 

*2=(*^a)2+j,», 
19 mbtaction, c>-62B«2-Cr-a)2, 

=aa-*2+2«»-^ 
a=2ar-a2, 
by transposition, • tf2+c2=*2+2a», 
or62+2ar=a2+c«, 
.%^ is less than a2+c2 lyy 2as. 
i. e. AC^ is less than AB2+BC2 by 2 DB . BC. 



GSOICBTBICAL BXEIICI8B6. 

^rM^Again, let a^% 6= V4I, c^^^I]; x^6, y=5; 
then DCBr.-2s:4, 
by Prop. I. 47, 61 =6? +62, and 41«:4«+6». 

by subtraction, 61 -41=:62>4?e:63-62+2 (6x2)-32^2 (6+2)^8*, 
by transposition, 22+61=41+2 (6x2) or 41+2 (6x2)»a2+61. 
i.e. 41 is less than 22+61 by 2 (6x2), 
or 41 it less than 4+61 by 84. 



ii^ft.— Here AD and AC coincide, a&4 also the points D and €; 
by Prop. 1.47, &24.a8_<^ 

add a2 to both sides, 62.|.2a2=c^+a2, 

.*. 62 is less than c2+a2 by 2a2, or 2aa. 
i.e., AC2 is less than AB2+BC2 tiy 2 BC2 or 2 9C . Ba 

ilfiM.— Again, let a=4, 6s!^, and cbs^AI ; 

by Prop. 1. 47, 02^.43^41, 

add 42, fi2+2xl6=>41+16, 

L e., 62 or 25 is less than 41+16 by 2x 16 

PROP. XIV. THEOREM. 

A^eb.—Jjtt A^ab, BEs6, EDsa- EHsjr; 
then g^ssabt 
.*. as»i^tS, 

ifrfiy|_Again, let a&s36, 6=s9, and c=4; 

then 36=4x9 
.'. V3^or 6s=«. 



GEOMETBICAL EXERCISES ON BOOK H. 
1. The square (^ a line is four times the square of its half. 

S. The rectangle ander any two lines is eqnal to three times the rectangle 
under either of them, and a third of the other. 

%>, If two lines be divided, each into any number of parts, the rectangle con- 
tained by the two lines is equal to the sum of the rectangles contained by the 
seTeral parts of the one and the several parts of the other. 

4. Prove Prop. n. 4 in a shorter way, by using some.oorQUaries to the 
pcopositioDs in Book I. 

5. Show that the difference of the squares of two unequal Ihies Is equal to the 
rectangle contained by their sum and di£ference. 

6. If a line CD be drawn from the vertex C of an isosceles triangle ABO to any 
pdnt D in the base, or in the base produced, the difference of the squares of this 
line and one of the sides is equal to the rectangle contained by AD, DB. 

7. The sum of the squares of two lines is never lees than twice thdr 
rectangle. 

8. The square of the sum of two lines is equal to four times the rectangle 
contained by them, together with the square of their difforence. 
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9. The snm of the aqnans of two lines U equal to half the Bqoareof thesmn, 
together with half the sqaare of the difference. 

10. ABC is a triangle, having the sides AB and AG equal : if AB is pro' 
daced to D, so that BD is equal to AB, show that the square on CD is equal to 
the square on AB, together with twice the square on BC. 

11. Show that in a parallelogram the squares of the diagonals are equal to 
the sum of the squares of all the sides. 

12. The square on the base of an isosceles triangle, whose vertical angle is i 
light angle, is ^uti to four tintes the area of the triangle. 

13. Anj rectangle is the half of the rectangle contained by the diameters of 
the squares on its two sides. 

14. If the points C, D, be equidistant from the extremities of the straight lino 
AB, show that the squares constructed on AD and AC, exceed twice tbe 
recungle AC, AD, by ^e square constructed on CD. 

15. ABCD is a rectangle, E any point in BC, F in CD ; show that tbs 
rectangle ABCD is equal to twice the triangle AEF, together with the rectaogb 
BE, DF. 

16. In any triangle ABC, if BP, CQ be drawn perpendicular to AC, AB,p»> 
duoed if necessary, theu shall the square of BO be equal to the rectangle Afi) 
BQ, together with the rectangle AC, CP. 

17. If DE be drawn parallel to the base BO of an isosceles triangle ABC; 
then the square of BE is equal to the rectangle BC, DE, together with the sqniii 
ofCE. 

18. If from any point within a rectangle lines be drawn to the angular poiik, 
the sums of the squares of those which are dcawn to the opposite anglsB m 
equal 

19. If two sides of a trapezium be parallel to each other, the squares of tii 
diagonals are together equal to the squares of its two sides, wUcfa are sot 
parallel, and twice the rectangle contained by its parallel sides. 

20. The squares of the diagonals of a trapesium an together double tbs 
squares of the two lines jdning the bisections of the opposite sides. 

21. ABC is a triangle in which C is a right angle, and DE is drawn fremt 
point D in AC perpendicular to AB ; show that iho rectangle AB, AE is eqoil 
to the rectangle AC, AD. 

22. Jfi AB, the diameter of a circle, take two points C and D equally distut 
from the centre, and from any point E in the circumference draw £0, ED; sbsv 
that the squares on EC and ED are together equal to the squares on AG and ADl 

23. ABC is a triangle, of which the angle at C is obtuse, and the* angle at 
B is half a right angle; D is the middle point of AB, and C£ is drawn psrpes- 
dicular to AB. Show that the square pf AC is double of the squares of AD 
and DE. . 

24. Pivide a given straight line into two parts, such that the squares of tb 
whole hne and of one of the parts shall be equal to twice the square of the o^ 
part 

25. In any triangle, if ^ line be drawn from the vertex bisecting the base,tl» 
sum of the squares of the two sides of the triangle is double the sum of tbf 
squares of the bisecting line and of half the base. 
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DEFINITIONS. 

I. What are equal circles ? n. When is a straight line said to touch a 
circle? in. When are circles said to touch one another? iv. When are 
straight lines said to be equally distant from the centre of a circle ? y. When 
is one straight line said to be farther from the centre of a circle than another ? 
VL What is a segment of a circle ? vii. What is the angle of a segment ? 
Tin. What is an aiigle in a segment ? ix. Upon what is an angle in a segment 
of a circle said to insbt? z. What is a sector of a circle? xi. What ax9 
umilar segments of circles ? 

PROPOSITIONS AND COROLLARIES OF BOOK IIL 

Prop. 1. To find the centre of a giyen circle. 

Cor. If in a circle a straight line bisect another at right angles, the centre 
of the circle is in the line which bisects the other. 

Prop. 2. If any two points be taken in the circumference of a circle/ the 
straight line which joins them shall fall within the circle. 

Prop. 3. If a straight line, drawn through the. centre of a circle, bisect a 
straight line io it which does not pnss through the centre, it shall cut it at 
right angles: and conversely, if it cut it at right angles, it shall bisect it 

Profk. 4. If in a circle two straight lines cat one another, which do not both 
pass through the centre, they do not bisect each other. 

Propw 5. If two circles cut one another, they sliall not have the same centre. 

Prop. 6. If one.drcle touch another internally, they shall not have the same 
centre. 

Prop. 7. If any point be taken in the diameter of a drcle, which » not the 
centre, of all the straight lines which can be drawn from it to the drcnm- 
ference, the greatest is that in which the centre is, and the other part of that 
diameter is Uie least ; and, of any others, that which is nearer to the line which 
passes through the centre is always greater than one more remote : and 
froin the same point there can be drawn only two equal straight lines to th9 
circumference, one xipon each side of the diameter. 

Prop. 8. If any point be taken without a circle, and stralgjlit UcLe& \m dtv<c^ 

1 
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from it to the drcnmferenoe, whereof one passes through the centre ; of those 
which fall npon the concaye circnmference, the greatest is that which passes 
through the centre; and of the rest, that which is nearer to that through the 
centre is always greater than one more remote : but of those which faiJl upon 
the convex circumference, the least is that between the point without the circk ' 
and the diameter; and of the rest, that which is nearer to the least is alwayi 
less than one more remote: and only two equal straight lines can be drawn 
from the same point to the oirciunference, one upon each side of the line which 
passes through the centre. 

Prop. 9. If a point be taken within a circle, from whioh there fall more than 
two equal straight lines to the circumference, that point is the centre of the 
drcle. 

Prop. 10. One circumference of a curde cannot cut another in mor* than 
two points. 

Prop. 11. If one circle touch another internally in any point, the straight 
line which joins their centres, being produced, shall pass through that point 
cf contact 

Prop. 12. If two circles touch each other externally in any point, the straight 
line which joins their centres shall pass through that point of contact 

Prop. 13. One circle cannot touch another in more points than one, whether 
it toudi it on the inside or outside. 

Prop. 14. Equal straight lines in a circle are equally distant from the oentie; 
and those which are equally distant from the centre are equal to one another. 

Prop. 15. The diameter is the greatest straight line in a drde ; and, of ill 
others, that which is nearer to the centre is always greater than one man 
remote: and the greater is nearer to the centre than the less. 

Prop. 16. The straight line drawn at right angles to the diameter of t 
drcle, from the extremity of it, falls without the circle ; and no straight line 
can be drawn from the extremity between that Utraight line and the dronm- 
ftrence, so as not to out the circle; or, which is the same thing, no straight 
line can make so great an acute angle with the diameter at its extremi^, or 
so small an angle with the straight Ime which is at right angles to at, as not 
to cut the circle. 

Cor. The straight line which is drawn at right angles to the diameter of a 
circle from the extremity of it touches the circle; and it touches it only in cne 
point; also there can be but one straight line which toudies the drdle in tlie 
same point 

Prop. 17. To draw a straight line from a given point, dther without or in 
the circumference, which shall touch a given circle. 

Propi 18. If a straight line touch a circle, the straight line drawn from the 
centre to the point of contact, shall be perpendioulai* to the line touching the 
circle. 

Prop. 19. If a straight line touch a drcle, and from the point of eontaet t 
straight line be drawn at right angles to the touching line, the centre of the 
circle shall be in that line. 

Prop. 20. The angle at the centre of a circle is double of the angle at the 
drcumference upon the same base, that is, upon the same part of the drcoBt- 
ference. 

Prop. 21. The angles in the same segment of a drcle are equal to 009 
nnotber. 
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Prop. 22. The opposite angles of any qoadrilatera] figure inscribed in a 
circle, are together equal to two right angles. . 

Prop. 23. Upon the same straight line, and npon the same side of it, there 
cannot be two similar segments of circles, not coinciding with one another. 

Prop. 24. Similar segments of circles, upon eqnal straight lines, are equal to 
QDB another. 

Prop. 25. A s^ment of a drcle being given, to describe the drde of which 
H Is the segment. 

Prop. 26. In eqnal drcles, eqnal angles stand npon equal circumferences^ 
whether thej be at the centres or drcunSerences. 

Prop. 27. In equal circles, the angles which stand upon equal circumferences 
are equal to one another, whether they be at the centres or circumferences. 

Prop. 28. In equal circles, equal straight lines cut o£f equal circumferences, 
the greater equal to the greater, and the less to the less. 

Prop 29. In equal chxles, equal circumferences are subtended by equal 
straight lines. 

Prop. 30. To bisect a given circumference, that w, to ^vide it into two equal 
parts. 

Prop 31. In a circle, the angle in a semicircle is a right angle; but the 
angle in a segment greater than a semicuKsle is less than a right angle; and the 
angle in a segment less than a semicircle is greater than a right angle. 

Cor. If the angle of a triangle be equal to the other two, it is a right angle, 
because the angle adjacent to it is equal to the same two, and when the adjacent 
angles are equal, they are right angles. 

Prop. 32. If a straight line touch a circle, and from the p<nnt of contact a 
straight line be drawn cutting the circle; the angles made by this line with 
the line touching the drde, shall be equal to the angles which are in the 
alternate segments of the drcle. 

Prop. 33. Upon a given straight line to describe a segment of a drcle, which 
shall contam an angle eqnal to a given rectilmeal angle. 

Prop. 34. From a given circle, to cut off a segment which shall contam an 
angle equal to a given rectilineal angle. 

Prop. 35. If two straight lines cut one another within a circle, the rectangle 
contained by the segments of one of them is equal to the rectangle contained 
by the segments of the other. 

Prop. 36. If from any point without a curcle two straight liies be drawn, one 
of which cuts the drde, and the other touches it; the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, shall 
be eqnal to the square of the line which touches it. 

Cor. If from any point without a circle there be drawn two straight lines 
cutdng it, the rectangles contained by the whole Imes and the parts of them 
without the drde are equal to one another. 

Prop. 37. If from a point without a circle there be drawn two straight lines, 
one of which cuts the cirde, and the other meets it; if the rectangle contained 
by the whole line which cnts the drcle, and the part of it without the circle, be 
equal to the square of the line which meets it, the line which meets shall 
touch the circle. 
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GEOMETRICAL EXERCISES ON BOOK III. 

A. Describe a oirole of given radios, which shall pass through, two given 
points. 

2. In the fignre of Prop. m. 3, if any line be drawn parallel to AB, the 
diameter CD will bisect it. 

3. Given two points in the circomference of a.circle : describe the drele. 

4. If two chords of a circle intersect each otlier, and make equal angla 
with the diameter passing through their point of contact, they are eqnaL 

5. If one circle touch another internally, the distance between their centnt is 
less than the difference of their radiL 

6. Draw the shortest chord through a given point inside a circle. 

7. If AD, CE be drawn perpendicular to the sides BC, AB of the triangle 
ABC, and DE be joined; prove that the angles ADE and ACE are equal to 
each other. 

8. Parallel chords of a circle uitercept equal arcs. 

9. A quadrilateral is described so that its sides touch a circle: show tbit 
two of its sides are together equal to the other two sides. 

10. Show that two tangents can be drawn to a circle from a given eztenal 
point, and that they are of equal length. 

Note.— A tangent is a straight line which touches a circle. 

11. Right-angled triangles are described on the same hypotenuse: ahow th«( 
the angular points opposite the hypotenube all lie on a circle described on the 
hypotenuse as diameter. 

12. A chord PAQ cuts the diameter of a circle in A in an angle which is 
half a right angle; show that the squares of AP and AQ are together double 
of the square of the radius. 

13. A is any point in the diameter (or dismeter produced) of a circle, 
whose centre is 0, OB a radius perpendicular to the diameter; if AB cut the 
circle in P, and the tangent in P cut AO in C, show that ACsCP. 

14. If two circles touch each other, and parallel diameters be drawn, tbeo 
lines which j<nn the extremities of these diameters will pass through the 
point of contact. 

15. ABCD is a parallelogram; draw CE perpendicular to the diagonal BD, 
snd bhow that the perpendiculars upon AB, AD, at tiie points B, D, will 
intersect in CE. 

16. The exterior angle of a quadrilateral figure inscribed in a cirole,.i8 
equal to the interior and opposite. 

17* Two circles intersect in A, B, the centre of one being in the cirenm- 
ference of the other; draw any chord ACD cutting them both ; show that 
CB=CD. 

18. If AB, CD, be chords of a circle at right angles to each other, prove 
that the sum of the arcs AC, BD, is equal to the sum of the arcs AD, BC. 

19. With a given radius to describe a circle touching two given circles. 

20. Two circle.1 intersect in the points A and B ; through A and B any two 
straight lines CAD, EBF, are drawn cutting the circles m the points C, D, E, 

F; prove that CE is parallel to DF. 
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SI. If two isosceles triangles be of eqnal altitades, and the side of one be 
equal to the side of the other, their bases shall be equal. 

22. If a straight line be drawn to tonch a circle and parallel to a chord, 
the pout of contact will be the middle point of the arc cut off bj that 
chord. 

23. If a circle be described on the radius of another circle, any straight 
Vne drawn from the point where they meet to the oater drctunference, is 
bisected by the interior one. 

24. If two opposite angles of a qoadrilateral figure be together equal to 
two right angles, a circle may be described about it. 

25. Of two circular segments upon the base^ the hrger is that which con* 
tains the smaller angle. 

26. If two circles intersect, the common chord produced bisects the com- 
mon tangent. 

27. Four circles are described so that each one may touch internally three of 
tlie sides of a quadrilateral; show 'that a circle may be described so as to pass 
through the four centres of tbe above circles. 

. 28. If two circles cut #ftch other, the straight line joining their centres will 
bisect tlieir common chord at right angles. 

29. The perpendi^lars let fall from the three angles of any triangle upon 
the opposite sides, intersect each other in the same point. 

3d. If a strai^t line touch the interior of two concentric drdes and be 
placed in the exterior one, it will be bisected in the point of contact 

31. If from any two points in the circumference of the greater of two given 
concentric circles, two straight lines be drawn so sa to touch the less circle, tliey 
diall be equal to one another. 

. 32. If i quadribteral rectilineal figure be described about a circle, the angles 
subtended, at the centre of the circle, by any two opposite sides of the figurOi 
are, together, equal to two right angles. 

33. If ah arc t>f a circle be divided into three equal parts by three straight, 
lines drawn from one extremity of the arc, the angle contained bj two of the 
strai^t lines is Injected by the third. 

34. If an equilateral triangle be inscribed in a circle, the square on a side 
thereof is equal to three times the square described upon the radius. 

35. Given the vertical angle, the base, and the altitude of h triangle, to con- 
Btract it. 

36. Given the vertical angle, the base, and the sum of the sides of a triangle, 
to construct it. 

37. Describe a circle which shall tonch a given circle, and also touch a given 
fine in a given point 

38. If on the three sides of any triangle, equilateral triangles be described; 
straight lines joining the centres of the circles described about these three 
triangles, will form an equilatiBral triangle. 

39. ABD, ACE are two straight lines touching a circle at B and 0, and if 
DE be joined, DE is equal to BD and C£ together ; show that D£ touches tlie 
circle. 

40. The greatest rectangle which can be inscribed in a qircle is a squnre. 
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' DEFINITIONS. 

I. When 18 a rectilineal fignre said to be inscribed in another rectilineal fie^nre? 
n. When is a rectilineal fi^re said to be deacribed about another rectilineal 
iigare? m. When is a rectilineal fignre said to be inscribed in a circle? iv.. 
When ia a rectilineal figure said to be described about a circle? v. When is % 
circle said to be inscribed in a rectilineal figure? vi. When is a circle said to 
be described about a rectilineal fignre? vu. When is a straight line said t» 
be placed in a circle? 

PROPOSITIONS AND COROLLARIES OF BOOK IV. 

Prop. 1. In a given circle, to place a straight line equal to a given straight 
line not greater than the diameter of a circle. 

Prop. 2. In a given circle, to inscribe a triangle equiangular to « given 
triangle. 

Prop. S. About a given circle, to describe a triangle equiangular to a given, 
triangle. 

Prop. 4. To inscribe a circle in a given triangle. 

Prop. 5. To describe a circle about a given triangle. 

Cor. When the centre of a circle falls within the triangle, each of its angles 
is lees than a right angle; but when the centre is in one of the sides of the 
triangle, the angle opposite to this side is a right angle; and if the centre fiiUs 
without the triangle, the angle opposite to the side beyond which it is, is 
greater than a right angle. And conversely if the given triangle be aente- 
angled the centre of the circle fftlls within it: if it be a right-angl^ triangle the 
centre is in the side opposite to the right angle; and if it be an obtuse-angled 
triangle, the centre faUs without the triangle, beyond the side opposite to the 
obtuse angle. 

Prop. 6. To inscribe a square in a given circle. 
Prop. 7. To describe a square about a given circle. 
Prop. 8. To inscribe a circle in a given square. 
Pn>p. 9. To describe a circle about a given square. 
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Prop. 10. To describe an isoeoeles triangle, htmng each of the angles at the 
base doable of the third angle. 

Prop. 11. To inscribe an equihtenl and egniangnlar pentagon in a given 
circle. 

Prop. 12. To describe an eqnilatenl and eqiuangolar pentagon about a given 
circle. 

Prop. 13. To inscribe a circle in a given eqnilateral and eqniangolar pen- 
tagon. 

Prop. 14. To describe' a circle aboat a givm eqnilateral and egniangnlat 
pentagon. 

Prop. 15. To inscribe an eqnilateral and eqniangnlar hexagon in a given 
circle. 

Cor. The gide of the hexagon is equal to the straight line firom the centre, 
that is, to the semi'diameter of the circle. 

Prop. 16. To inscribe an equilateral and equiangular quindecagon in a given 
circle. . 

GEOMETBICAL EXERCISES ON BOOK IV. 

1. In a given circle, to place a straight line equal and parallel to a stnught 
line given in position, and not greater than a diameter. 

2. In a given circle pkoe a line of given length, which shall pass through « 
given point. 

3. An equilateral triangle is inscribed in a circle, and through the angular 
points tangents are drawn; show that thej will form an equUateral triangle, 
whose area is four times the former. 

4. In figure Prop. iv. 4, show that the straight line PA will bisect the angle 
at A. 

5. In figure Prop it. 5, show that the perpAudicular from F on BC will 
bisect BC. 

6. In the figure Prop. ly. 10, show that the angle A At the vertex of the 
triangle ABD is one-fifth of two right angles, and eiush of the angles at the base 
two-fifths of two right angles. 

7. Divide a right angle into five eqi^al parts. 

8. In the figure Prop. iv. 10. show that AC is the side of a regular decagon 
inscribed in the larger circle. 

9. In figure Prop. iv. 10, show that the angle ACD is equal to three times 
the angle at the vertex of the triimgle. 

10. On a given line to describe an equilateral and equiangular pentagon. 
U* Given a regular pentagon; describe a triangle of the same area and 

altitude- 

12. Describe an eqnikteral and equiangular octagon in a circle. 

13. If two circles be described, one without and the other within a right- 
angled triangle, the sum of their diameters is equal to the sum of the sides 
containing the right angle. 

14. Inscribe a square in a giyen right-angled isosceles triangle. 

15. The centres of the injscribed and circumscribed circles of an equilateral 
triangle coincide, and the diameter of one is doublA thaX ol \2ca ^"O&kc. 
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16. The liDM joining the alternate angles, or the intersections' of the alter- 
nate sides of a regalar pentagon, will form another regular pentagoa. 

17. Inscribe a circle in a given rhombus. 

18. ABODE is a regular pentegon; j<iin AG and BE, and let BE meet AC 
IB F; show that AC is equal to the sum uf AB aud BF. 

19. The sqnare inscribed in a circle is equal to half the square desoribed' 
about the same circle. 

20. The centre of the circle which touches the two semicircles described on' 
the sides of a right^mgled triangle is the middle point of the hypotenuse. 

21. A regular octagon inscribed in a circle is equal to the rectaugle under the 
■ides of the inscribed and circumscribing squares. 

22. To inscribe a circle in a given quadrant 

23 The square on the side of a pentagon inscribed in a circle, is equal tollic 
sum of the squares on the sides of a hexagon and decagon, inscribed in thesauie 
circle. 

24. Describe a circle which shall pass through one angle, and touch two sides 
of a given square. 

25. If DE be drawn parallel to the base BC of a triangle ABC, show that the 
drcles described about the triangles ABC and ADE have a common tangent 

26. The angle ACB of any triangle is bisected, and the base AB ia bisected 
at right angles, by straight lines which intersect at D ; show that the angles 
ACB, ADB are together equal to two right angles. 

27. If ABCDEF is a regular hexagon, and AC, BD, CE, DP, EA, FB. be 
joined, anotlier hexagon will be formed whose area is one-thud of that of tb« 
former. 

28. If any number of parallelograms be inscribed in a given parallebgnun, 
the diameters of all the figures shall cut one another in the same point. 

29. If ABCDE be any penta£:on inscribed in a circle, and AC, BD, CE, DA, 
£B, be joined, then are the angles ABE, BCA, CDB, DEC, EAD, together 
equal to two right angles. 

30. If in any drcle the side of an inscribed hexagon be produced till it be- 
comes equal to the side of an inscribed square, a tangent drawn from the 
extremity, without the circle, shall be equal to the side of an inscribed octagon. 
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English Reading-Lesson Books, 

H'Leod's First Beading-Book, 18mo. 8d. ; or as Reading-Lessons, in 80 Sheets, Ss. 

„ First School-Book to teach Beading and Writing, ISmo 6d. 

„ Second Schod-Book to teach Spelling and Beading, ISmo. 9d. 

TJnwin's Infimt-Sdiool Beader, fop. 8vo 6d. 

Laoiie's Graduated Series of Beadhig-Lesson Books, fbp. 8vo 10s. 

Book I. Is. ; Book II. Is. 6d. ; Book UI. Ss. ; Book lY. 28. 6d. ; Book Y. Ss. 
Lanxie's Shilling Entertaining Library: BobinsonCniaoe; Golliver's Travels ; 

Christmas Tales : Sandford and Merton each sewed, Od. ; cloth. Is. 

Laurie's First Steps to Reading, fcp. 8vo. lOd. ; or as 80 Broadsides 7s. 

„ Standard Primer or Easy Horn-Book, l2mo 3d. 

„ „ in 80 folio Beading Sheets, hurge type 3s.6d. 

„ First Stmdard Beader, or Tales and Bhymes, 12mo id. 

„ Seocmd Standard Reader, or Stories of Children, I2mo 6d. 

„ ThirdStandardBeader, or Stories of Animals, 12mo 9d. 

M Fourth Stmdard Beader, or Fables and Parables. Umo Is. 

„ - Fifth Standard Beader, or Poetry and AdTcnture. 12mo Is.Sd. 

„ Sixth Standard Beader, or Descriptive Sketches, ISmo. Is.Od. 

Simple Truths from Scripture, arranged as a Beading-Book, 18mo 6d. 

Maroet's Willy's Stories for Young Children, ISmo. 28. 

„ Willy's Travels on the Bailroad, 18mo 28. 6d. 

„ Seasons: Storiea for very Young Children, 4 vols. 18mo each 28. 

Jones's Secular Early Lesson-Book, 18mo. Part 1.6d.; Part II 4d. 

„ Advanced Beading*Book : Lessons in English History, 18mo. lOd. 

Graham's Introduction to the Art of Reading, fcp. 8vo 28. Od. 

Sullivan's literary Class-Book: Headings in English Literature, royal 18mo... 2s. Od. 

Mann's Lessons in General Knowledge, fcp. 8vo 3s. 6d. 

To be had also m Three Parts, or Series, Is. each. 
Hughes's Select Specimens of English Prose, 12mo 4s. 6d. 

Writing-Books. 
M'Lsod's Graduated Series of Nine Copy-Books, oblong 4to each 3d.^ 

School Boetry Books, 

Cook's First Book of Poetry for Elementary Schools, 18mo. 9d. 

„ Poetry for Schools, 12mo 2g, 

ITLeod's Second Poetical Beading*Book, Umo Is.Sd. 

Playtime with the Poets, by a Lady Jwt ready. 

TweUs's Poetry for Bepetltion : comprising 150 short pieces, 18mo 2s. 6d. 

Connon's Ffarst Four Books of Hilton's Paradise Lost, 12mo 3s. 6d. 

Hnghes's Sdect Specimens of English Poetry, 12mo 8s. Od. 

Graham's Studies from the English Poets, Umo. 7g. 

London: LONGMAN, GREBN, and CO. 14 Lndgate Hill. 
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English Spelling-Booh. 

Graham's English Spelling, with Rules and Exercises ls.6d. 

Lowres's Spelling and Dictation Lesson-Book, 12mo. Is. 

Sewell's Dictation Exercises, 18mo Is. 

Marcet's Mother's First Book, 12mo ! Is. 6d. 

Carpenter's Scholar's Spelling Assistant, 12mo Is. 

M'Leod's Improved Edition of Carpenter's Spelling Assistant, 12mo Is. 6d. 

Sullivan's Spelling-Book superseded, 18mo Is. id. 

Unwiu's Normal Chart of English Elementary Sounds 6i. 8d. 

Grammar and the English Language, 

M'Leod's Explanatory English Grammar for Beginners, 18mo 9d. 

„ English Grammatical Deflniiionif, 18mo Id. 

Sullivan's Manual of Etymology. 18mo lOd. 

„ Attempt to Simplify English Grammar, 18mo is. 

Groliam's Helps to English Grammar, fcp. 8vo Ss. 6d. 

„ English; or, the Art of Composition, fcp. 8vo 5b. 

„ English Grammar Practice, l2mo 4s. 6d. 

English Style, fcp «•. 

Hiley's Child's First English Grammar, 18mo Is. 

Abridgment of Hiley's English Grammar, 18mo ls.9d. 

Hiley's English Grammar and Style, 12mo Ss. 6d. 

Exercises adapted to Hiley's English Grammar, 12mo Ss. Sd, ; Key, Ss. 6d. 

Hiley's Practical English Composition, Part 1. 18mo Is. 6d. ; Key, 2s. 6d. 

„ Practical English Composition. Part II. 18mo Ss. ; K^, 4s. 

Sadler's Stepping- Stone to English Gnunmar, 18mo is. 

Hmiter's Text-Book of English Grammar, 12mo 2s.6d. 

„ Introduction to the Writing of Precis, 12mo «s. ; Key, Is. 

„ School Manual of Letter- Writing, 12mo Is. 6d. 

Marcet's Willy's Grammar, for the Use of Boys, 18mo gs. 8d. 

„ Mary's Granmiar, for the Use of Girls, 18mo 88.6d. 

„ Game of Grammar, in Counters : with a Book gg. 

„ Conversations on Language, for Children, fcp. 8vo 4s.6d. 

Smart's Accidence of English Grammar, 12mo Is. 

„ Principlesof English Grammar, 12mo. 28.6d. 

Edwards's History of the English Language, 18mo 9d. 

Morell's Grammar of the English Laneniage, post 8vo. 28.; or, with ExerdiMs, 28. 6d. 

„ Essentials of English Grammar and Analysis, fcp. 8vo gd. 

Graduated Exercises, adapted to Morell's Grammar and Analysis, post 8vow. ... 8d. 
Lowres's Grammar of English Grammars Ss. 6d. 

„ Companion to English Grammar, with Exercises, 12mo 2s. 6d. 

Brewer's Guide to English Composition, fcp. 8vo 5g,6<L 

Latliara's Work on the English Language, Svo 18b, 

., Handbook of the English Language, post 8vo 7s. 6d. I 

„ English Grammar for Classical Schools, fcp. 8ro 28.6d. | 

„ Elementary English Grammar, post 8vo ] 4s! 6d. | 

Latham and Maberly's Smaller English Grammar, fcp. 8vo 28. 8d. 

Keane's Handbook of the History of the English Language, 12mo. 28. I 

Uoget's Thesaurus of English Words and Phrases, crown 8vo lOg, (jd, I 

Mailer's Lectures on the Science of Language, 8ro i^. 

Latham's Elements of Comparative Philology, 8vo 21b. 

Clark's Handbook of Comparative Grammar, crown 8vo 78. M. 

Dictionaries i with Manuals of Etymology, 

Black's Student's Manual of Words from the Greek, 18mo 28. fid. 

„ Sequel, or Dictionary of Words firom the Latin, 18mo 5e. fid. 
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KoM'sEtyinological Ifamua of the English Liagiuge, ISmo 6d. 

Sallivan'8 Dictionary of Derivationt, royal 18mo. ta. 

„ Dictionary of the English Language, 12mo 88.6d. 

Graham's Eni^ish Synonynes, Classified and Explained, fcp. 8vo 6s. 

Smart's Walker's English Pronouncing Dictionary, 8vo 12s. 

„ Walker's English Dictionary Epitomised, lemo 6s. 

Ibmidfar's Treasury of Knowledge and Library of Reference, fcp. 8vo. 10s. 

n Scientific and Literary Treasury, fcp. Svo. lOs. 

Elocution, 

Bowton's Ddater; or. Theory of Public Speaking, fcp. 8to 6s. 

SmartTs Practice of Elocution, 12mo 48. 

„ Historico-Shakspearian Readings, 18mo 5s. 

Twells's Poetry Ibr Repetition, ISmo 2s.6d. 

J^araphrasing, Parsing, and Analysis. 

Morell's Analysis <rf Sentences Explained and Systematised, ISiro Zs. 

Lowres's System of English Parsing and Derivation, 18mo. Is. 

Martin's First En^h Course, on Analysis, ISmo. 2s.6d. 

Hunter's Paraphxasing and Analysis of Sentences, 12mo Is. Sd. ; Key, Is. Sd. 

„ Exercises in English Parsing, 12mo 6d. 

„ Shakspeare's Henry Me .BJ^ik^ik, 12mo 2s.6d. 

„ Books I. and II. of Milton's Paradiae Lost, 12mo each Book Is. 6d. 

M Qnestiona on Paradi$e LoU, I. and II., and on the Merchant of Venic«t Is. 

., Shakqpeare's Merekant of Venice, 12mo. 28.6d. 

M Shakspear^sJKliiwO'tesar, 12mo 2s.6cl. 

M School Xditloii of Johnson's SosMtot, 12mo 2s.6d. 

M'Leod's Goldsmith's I>M0r<«(l FfT^e. 12mo Is.Cd. 

I's iSiprifi^, 12mo s. 2a. 



ArilAmetic, 

Colenio^s Arithmetic designed for the use of Schools, 12mo 4s.6d. 

Maynard's Key to Colenso's Arithmetic for Schools, 12mo 6b. 

Colenso's Elementary Arithmetic, 18mo Is. 9d. ; or with Answers, 2s. 8d. 

Gi^ Colenao's Eiememtarif Arithmetic may be had in Fire Parta, as foUowt :— 

1. Text-Book M. I S. Example*. Pt. II. Compound Arithmetie id 

2. Bxamides,Ptf jWsMfaLlriMMMMeM. | 4. ^XMmnlt»^Ul.IiraetioruJ)ee%maU,I)uod0eimaUid' 

6. ABSwen to the Examples, with Solution* of the more diificalt Qoeationa 1«. 

M'Leod's Manual of Arithmetic ; c<nitaining 1,750 Questions, 18mo 9d. 

„ Six Standards of Arithmetic, Standards I. and II. 18mo each 9d. 

M Solutions of Arithmetical Questions, 8vo Ss.6d. 

„ Mental Arithmetic, Past I. Whole Numbers ; Pakx II. Fractions, each Is. 

„ Bxtmded Multiplication and Pence Tables, 18mo. 2d. 

Unwin's Multiplication Table, on a Sheet Ss. 

Hiley's Arithmetical Companion, 18mo 2s.; Key, 5s. 

Tate's Treatise on the First Principles of Arithmetic, 12mo ls.6d. 

M System of Mental Arithmetic, for Teachers, 8vo Is. 

M Prindplea of the Differential and Integral Calculus, 12mo 4s. 6d. 

Tate On the New Coinage, in relation to Arithmetic, 12mo 9a. 

Galbraiih and Hanfl^ton's Manual of Arithmetic, fcp. 8to Ss. 

Fix's Miscellaneous Examines in Arithmetic, 12mo. 2s. 6d. 

Calder's Familiar Explanation of Arithmetic, 12mo 4s. 6d. 

Or with Answers, 5s. 6d.; the Answers separately. Is. 

Liddell's Arithmetio for Schools, ISmo 2s.; Answers.. Sd. 

Davis's Memory Work of Arithmetic. IBmo 4d. 

,, Arithmetical Examples, 2 Parts, IBmo 8d. each ; Keys, each Is. 
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Iflbistor's Book-Keepliig by Single and Doable Entry, ISmo 9d. 

.. Setof Eight Acconnt Books, adapted to the abof«.ofaloOK Mo... «Mh 6d. 

AUfebra. 

ColcHBo's Elcmente of Algebra, Past I. is. M. ; Key, 6e. ; Past n. 6i. j Key . . 5e. 

Hunter's Questions on Ck)leuBo'8 Algebra, Past L 2e.6d. 

Colenso's Examples and Equation Papers in Algebra, ISmo 8B.8d. 

„ Elements of Algebra, complete, 8vo. lli.6d.i Kij, Umo. 7*.M. 

„ Elements of Algebra, for National Sohoola, IBbUK li.6d.i Key. 8b.M. 

Tate's Algebra made Easy, fw the use of Schools, Iftnow Sa. 

Reynolds's Elementary iJgebra, for Beginners, ISfeM. M.| Aiissrara .. Sd. 

Wood's Elements of Algebra, 8vo U8.6d. 

Lund's Companion to Wood's Algebra, post 8vo 7s.6d. 

,. Key to Wood's Algebra, post 8vo 7s.ed. 

Thomson's Elementary Treatise on Algebra, ISmo. Sa.{ Kqr, 4a.6d. 

Galbraith and Haughton's Manual of Algebra, Past Lfbp.8row Is. 

Land's Short and Easy Course of Algebra, fep. Sro Is.6d. ; Key, 8s.61 

Mensuration, 

Hooter's Elements of Mensuration, ISmo M.; K^y, M. 

Boucher's Mensuratioo, Plane and Solid. 12nM>. Ss. 

Land's Elements of Mensuration, fcp. Svo. Ss.6d. 

Calder's Exercises in Mensuration : forming a Key to the abovo, poal8n>. as. 

Nesblt's Treatise on Practical Mensoration, 12mo ds.! K«y. Ss. 



Oeometry and Trigonometry, 

Oalbraith and Haughton's Manual of Euclid. Books I. to IILSs.; IV. toVI. 8s. 

Tate's Practical Geometry ; with 261 Woodcuts, 18mo is. 

M Principles of Geometry, Mensuratioa. Ac. ISmo. SB.id. 

Limd's Geometry as a Science, Itmo. ls.6d. and Geometry as an Art* ta. ft|k.. . SB.M. 
„ Elements of G«(nnetry and Mensuration, ISmo 7^ 

Isbister's School Eudid, Unu) ] 8i.6d. 

„ Two Geometrical Copy-Book8,4to. «mIi m. 

Tate's First Three Books of Eudid's Geooietry, llmo l«.ad.t Utaun M. 

Narrien's Elements of Geometry, 8to IOs.ed. 

Colenso's Elements of Baolid, ISmo. . . . . 4s. 6d. i or with K«y to the rtoWwiis, to.«d. 

„ Geometrical Problems and Key Sb.«L 

„ Geometrical Problems, separately, ISmo. 1^ 

„ Plane Trigonometry. Pt.I.lSmo.8s.6d.; Key.aB.6d.; Pt.II.aMiLt Key, Ssi 

Hunter's ElemenU of Plane Trlgofkometry,18ma. u,t Key, 9d. 

Galbraith and Haughton's Manual of Plane Trigonometry, f!rp. 9n la. 

Hunter's Treatise on Logarithms, ISmo U,; Key, 9d. 

Hymers' s Plane and Spherical Trigonometry, 8?o 8i. M. 

„ Differential Equations and Finifee Diffsrenoee, 8ro [jj^ 

Jeans's Plane and Spherical Trigoncmetiy, Iftooo. . . .78.6d. ; or in B Psrls^ eiieb 4b. 
„ Problems in Astronomy, &c. 12mo ^ 

Land Surveying, Drawing, and Practical MathewmHcf, 

Nesbit's Treatise on Practical Land SOrveying, 8ro 1^ 

Thornton's Elementary Land Surveying and Levelling, Umo \,\ |b.m. 

Tate's Drawing-Book for Boys and Girls, post ito. \\ i^^ 

„ Drawing for Sdiools, poet ito ^^ 

„ MathemaUcs for Working Men, Part L 8vo !.! la. 
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Hale's Handbook of Elementary Drawing. 4to 58. 

Winter's Elementary Geometrical Drawing, post 8vo. . . Fart I. Ss. 6d. ; Part II. 6s. Cd. 

Cape's Coarse of Mathematics, 2 vols. 8vo 82s. 

M Mathematical Tables of Logarithms, Ac. royal 8vo 10s. Cd. 

Galbraith and Haughton's Manual of Mathematical Tables, fcp Ss. 

KImber's Mathematical Coarse for London University, 8vo ^% lOs. 

Salmon's Treatise on Conic Sections,8TO 128. 

Wrigl^y 's Examples and Problems in Mathematics, 8to 8s. 6d. 

Focal Music. 

Parkfanrst's Stepplng^tone to Mosic, IBmo Is. 

Tarle and Taylor's Art of Singing at Sight, lamo Ss. 

Weber's Training-Sehodl Singing Method, edited by Unwin, post 8vo 8s. 

„ Traiuing-School Part-Sougs, edited by Uuwin, post 8vo 2s.6d. 

Tilleard's Collection of Sacred Music, for Schools, royal 8vo Is.fid. 

„ Collection of Secular Music, for Schools, royal 8vo Is.Cd. 

The above Two Collections in erne Volume, cloth, gilt edges, 6s. 

„ People's Chant-Book, ISmo. 8d. 

FAytical and Mathematical Geography, 

Hughes's (E.) Outlines of Physical Geography, ISmo. Ss. 6d. 

„ ExaminaUon-Qoevtions in the above Outlines, 12mo. Cd. 

Keith's Treatise on the Use of the Globes, Umo. 6s. ed.; Key 2s.6d. 

Hughes's (W.) Manual of Mathematical Geography, fcp. 8vo 48. Cd. 

Dick's Compendium of Mathematical Geography, post 8vo 58. 

Political and Historical Geography, 

The Stepping-Stone to Geography, 18mo Is. 

Hughes's ( W.) Child's First Book of Geography, 18mo 9d. 

„ Geography of the British Empire, 18mo Od. 

„ Book of General Geography, 18mo 9d. 

Hiley's Child's First Geography, 18mo 9d. 

„ Progressive GeogrMly* l2mo 28. 

Sullivan'8 Introduction to Geography, 18mo Ip. 

„ Geography Generalised, royal 18mo 28. 

Hughes's (E.) Ge<«raphy for Elementary Schools, 18mo is. 

Mangnall's Compendium of Geography, 12mo 78. Cd. 

Marcet's Conversations on Land and Water, fcp. 8vo 58. 6d. 

Hagfaes's(W.) Manual ofGeography,Physi(»l, Industrial, and Political, fcp. 8vo. 78. 6d. 
Part I. Europe, 8s. 6d. ; II. Asia, Afirica, America, Australasia, and Polynesia, 48. 

Hughes's (W.) Geography of British History, fcp. 8vo 8s. Cd. 

„ Manual of British Geography, fcp. 8vo 28. 

Lott and Hughes's Geography of India, 12mo Jutt readu. 

Gtoldamith's Grammar of General Geography, fcp. 8vo. 8s. 6d. ; Key Is. 

Dowling's Introduction to do. 9d.; Questions on Maps, 9d. ; Key, 9d. 

Maunder's Treasury of Geography, fcp. 8vo 10s. 

Butler's Andent and Modem Geography, poet 8vo 78. Cd. 

„ Sketch of Modem Geography, post 8vo 48. 

^, Sketch oiAnelent Geography, post 8vo 48. 

Cunningham's Abridgment of Butler's Geography, fcp. 8vo 28. 

Adams's Geographical Word-Expositor, 12mo 28. Cd. 

M'Leod's Geography of Palestine or the Holy Land, 12mo Is. Cd. 

„ Life and Travels of St. Paul (Fjlbt IL of above), 12mo. 2e. 

Haghes's(E.)Outlines of Scripture Geography, 12mo 4s. Cd. 

Johnston's (Keith) General Gaxetteer,8vo COs. 
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School Atlases. ' 

M'Leod's Middle-Class Atlas, 180S, ooloared, 4to. tM, \ 

„ Physical Wall-Map of England and Wales fls, 

.. Political Wall-Map of England and Wales 7k.61 | 

„ Geological Wall-Map of England and Wales Ifli. : 

Haines's (E.) General Atlas for Elementary Schools, IBmo. la. s or odovred . . ]f.M. . 
„ Introductory Atlas of Modem Geogr^[>hy,12mo. la.M. 

M'Leod'sHand-Alas of General Geography, 18mo ta.U. 

„ Class Atlas of Physical Geography, 18mo Ia.id. 

Bowman's Questions on the above Atlas, 18mo. Is. 

M'Leod's Physical Atlas of Great Britain and Ireland. fep.4to. 7k.61 i 

Hughea'8(E.) Atlas of Physical, Political, and ComxBerdalGeognvlij.r.Sro... Ilk U. , 

Butler's Atlas of Modem Geography, 83 ftill-coloiired M1418, nvalSvo. lOi. 6d. 

„ Junior Modem Atlas, UfuU-oolonred Maps, royal Svo. 4a.6d. , 

„ Atlas of Ancient Geography, 24 foll-ooloored Maps, nqral SfO. ISa. ! 

„ Junior Ancient Adas, 12 full-ooloured Maps, royal 8to. 4a.U. j 

„ General Atlas of Modem and Ancient Geography, ro(j«14tob. Ma. 

„ Outline Geographical Copy-Books, Ancient and Modem each 4a. 

Hughes's (E.) School Atlas of Bible Lands, fcp.8vo Ia.6a. I 

M'Leod's Scripture Atlas Geography, Part I. 4b. ; PartlLSs.; or«lii^0te,r.8v0. 7a. 

Brewer's Elementary Atlas of History and Ge<^;nQ>hy, royal Sro. lis. 6d. i 



Mythology and Antiquities. 

Hort's New Pantheon, or Introduction to Mythology, 18mo 4a.M. 

Rich's Dictionary of Roman and Greek Antiquities, post 8to.. . . . , Us. M. 

Cox's Tales from Greek Mythology, square 16mo SB.€d. 

„ Tales of the Gods and Heroes, fcp.Svo St. 

Geology and Mineralogy. 

Phillips's Guide to Geology, fcp. 8vo Sa. 

Phillips's Treatise on Geology, 2 vols. fcp. 8vo 7k. 

Bristow's Glossary of Mineralogy ; with 486 Figures on Wood, crown 870 Us. 

Natural History and Botany. 

Owen's Stepping-stone to Natural History, VSmo la. 6d. 

Owen's Natural History for Begimiers, 18mo Ik 

Tate's Natural History of Familiar Things, 18mo la. 

Lee's Elements of Natural History, fcp. 8vo 7s. Id. 

Maunder's Treasury of Natural History ; with 900 Woodouis, (tap. Iro. lis. 

Lindley's Treasury of Botany, with Plates and Woodcuts, fop. 8vo Jm&S nsod^. 

Marcef s Lessons on Animals, Vegetables, and Minerals, ISmo. la. 

Swainson's Habits and Instincts of Animals, fcp. Svo. la.M. 

Hai twig's Sea and its Living Wonders, 8vo 18s, 

Hartwig's Tropical World, Svo Sla. 

Science and Scientijie Natural History, 

Greene's Manual of the Sub-kingdom Protozoa, fcp. 8vo , fa, 

„ Manual of the Sub-kingdom Cceleuterata, fcp. Svo Sa. 

Owen's Compaiative Anatomy and Pliysiology of Yertebrata, Svo Jiut rmdp. 

Van Der Hooven's Handbook of Anatomy, 2 vols. Svo Ma. 

Agassiz's Essay on Classification, Svo Hi. 

Grove on the Correlation of Pliysical Forces, Svo 7a. Id. 
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Tyndall's Lectures on Heat as a mode of Motion, orown 8vo 128. 6d. 

De la Bive's Treatise on Electricity, 8 vols. 8vo £S 13s. 

Apjotan's Manual of the Metalloids, fop. 8vo Jw^ readv, 

Tate on the Strength of Materials, 8vo. 5e. 6dr 

Scott's Handbook of YolHmetrical Analysis, post 8vo. 4s. 6d. 

Dave's LaiwofStorms, translated by Sooti, 8vo lOs.ed. 

Fltz Roy's (Admiral) Weather Book, 8vo.... 15s. 

Chemistry, 

Thomson's Sdiool Chemistry, New Edition, fcp. 8vo 6s. 6d. 

Tate's Outlines of Experimental Chemistry, 18mo. 9d. 

Marcet's Conversations on Chemistry, 8 vols. fcp. 8to I4s. 

Coaington's Handbook of Chemical Analysis, post 8vo. 7s. 6d. 

Conington's Tables of Qualitative Analysis, post Svo. 2s.6d. 

Odling's Course of Practical Chemistry Jwkready, 

„ Manual of Chemistry, Descriptive and ThMxratical, Past I. Svo 9s. 

Piesse'sLaboratory of Chemical Wonders, crown Svo. 6s.0d« 



Natural Philosophy, 



Marcet's Coversations on Natural Philosophy, fcp. Svo 10s. 6d. 

Tate's Little Philosopher ; or, the Chemistry, Mechanics, and Physics of 
Familiar Things, 8 Parts, 18mo eacii Is. 

„ Light and Heat, &miliarly explained, ISmQ. 9d. 

M Hydrostatics, Hydraulics, and Pneumatics, ISmo 9d. 

„ Electricity, fomiliarly explained, 18mo 9d. 

„ Magnetism, Voltaic Electricity, and Electro-Dynamics, ISmo 9d. 

Herschel's Diseourse on the Study of Natural Philosophy, f<^ Svo 3s. 6d. 

Feschel's Elements of Physics, 8 vols. fq?. Svo 21s. 

Brewster's Treatise on Optics, fcp. Svo 8s.6d. 

Oalbraith and Haughton's Manual of Optics, fcp. Svo. 2s. 

„ Manual of Hydrostatics, fop. Svo 2s. 

Downing's Elements of Practical Hydranlics, Svo Ss, 

Mechanics and Mechanism. 

Moseley's Illustrations of Practical Mechanics, fcp. Svo 8s. 

Tate's Exercises (m Mechanics and Natural Philoeophy, Umo. 28.; Key,3s.6d. 

„ Principles of Mechanical Philosophy, Svo 10s. 6d. 

„ Mechanics and the 8team->Englne, ISmo. 9d. 

„ Elements of Mechanism, 12mo 8B.ed. 

Goodflfve's Elements ot Mechanism, post Svo. 6s.6d. 

Kater and Lardner's Treatise on Mechanics, fcp. 8vo 8s. 6d. 

Oalbraith and Haughton's Manual of Mechanics, fcp. Svo 3s. 

Twisden's Introduction to Practical Medianics, crown Svo. * 10s. 6d. 

Fortification, SfC, 

Kimber's Yanban's First System of Fortlfleatton. Svo 6e. 

., Supplementary Plate to Yauban's First System ls.6d. 

„ Construction of the Modem System, Svo 8s. 

„ Field Works, as executed at Sandhurst, Svo 6s. 

MaedongaU's Theory of War, post Svo 10s. Od. 

„ Campaigns of Hannibal, poet Svo 7s.6d. 
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Engineering and Science, 

Lowndes's Engineer's Handbook, pott 8to. Ss. 

The Artisan Clab's Treatise on the Steam Engine, 4to 42s. 

Bourne's Catechism of the Steam En^ne, fop.Svo 68. 

Fairbaim's UseM Information for Engineers, Two Series, orown 8to . . . each lOs. 6d. 

„ Treatise on Mills and MiUworlc, YoL 1. 8vo. lOs. 

Hoseley's Mechanical Principles of Engineering and Architeotare, 8vo 2i8. 

Fopular Astronomy and Navigation, 

The St«pping^tone to Astronomy, 18mo Is. 

Tate's AHtronoroy and the Use of the Olobes, Itaio. 9d. 

Herschel's Treatise on Astrmiomy, fop. 8to 8s.M. 

„ Outlines of Astronomy, 8to. I8s. 

Galbraith and Haughtou's Manual of Astronomy, fep. Sro. Ss. 

Arago's Popular Astronomy, S vols. 8vo 4Sb. 

Fitz Roy's (Admiral) Weather Book. 8vo 15s. 

Webb's Celestial Objects for Common Telescopes, post 8vo. 7s. 

Saxby's PrctJection and Calculation of the Sphere, poet 8vo 5s. 

„ Study of Steam and the Marine En^e, post 8vo 5s.6d. 

Main and Brown's Marine Steam-Engine, 8vo 12b. 6d. 

„ Indicator and Dynamometer, 8ro 4s.6d. 

„ Questions on the Steam Engine, 8vo 4s.6d. 

Jeans's Handbook for the Stars, royal 8to Ss. 6d. 

„ Navigation and Nautical Astronomy,Part I. is. ; Part II. 6s. ; orin 1 v. 9s. 
Boyd's Manual for Naval Cadets, post 8to 128.6d. 

Animal Phtfsiologg and Preservation of Health. 

Shield's Stepping-stone to Physiology, 18mo Is. 

Bray's Physiology for Schools, with numerous Woodcuts, 12mo is. 

*«* Two large Coloured Diagrams to illustrate the above, 6s. 6d. per pidr. 

Howard's Manual of Athletic and Gymnastic Exercises, 16mo Ts. 6d. 

Mann's Book of Health, 18mo 9d. 

Marshall's Physiology for Schools and Self-Instruction, crown 8vo.. . ..Nearly readp. 

Domestic Economy and General Knowle ^ge» 

Domestic Economy, edited by Rov. G. R. Oleig, M.A., 18mo M. 

Tlie Stepping Stone to Knowledge, 18mo Is. 

Sbcoitd Series of the Stepping-Stone to Knowledge, 18mo ig. 

Lessons on Industrial Education, 12mo 2s. 6cl. 

Chronology, 

Conybeare's School Chronol<«nrt square limo Ig, 

Brewer's Poetical Chronology, 12mo Ss. 6d. 

Slater's School Chronol(Hj^ ; or, Sententis Chronologicse, 12mo Ss. 6d. 

„ Coloured Chart of Chronology and History to. 

Hort's Introduction to Chroiiolc^jy and Ancient History, 18mo 4g, 

Valp/s Poetical ClironoloRy of Ancient and English History, 12mo 28. 6d. 

Nicolas's Clironol<«y of History, fcp. 8vo Ss.6d. 

Woodward's Historical and Chronological Encyclopaedia, 8vo in preparaiion. 
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Biographif, 

Gleig'BBookofBio;?raphy.l8ino 9d. 

The Stepping-stone to Biography, 18mo Is. 

Y<m Bamner's Life and Labours of Festalozzi, 8vo Ss. 

Maoniier's Biographical Treasury, fcp. 8vo. 10s. 

British Bistory, 

The Stepping-stone to English History, 18mo Is. 

Gleig's First Book of History— England, 18mo. 2s. 

„ British Colonies, or Second Book of History, 18mo 9d. 

„ British India, or Third Book of History, 18mo 9d. 

„ Questions on the above Three Histories, 18mo. 9d. 

Anthony's Footsteps to the History of England, fcp. 8vo 3s. 

Farr's School and Family History of England, 12mo Ss. 6d. 

Marcet's Conversations on the History of En^and, ISmo. 5b. 

Littlewood's Essentials of English History, fcp. 8vo Ss. 

Sir James Mackintosh's History of England, 2 vols. 8vo 218. 

Sir Walter Scott's History of Scotland, 2 vols. fcp. 8vo 7s. 

Humphreys's British Government in India, fcp. 8vo 28. 6d. 

General History. 

Stafford's Compendium of ITniversal History, f<9. 8vo. is. 

Keightley's Outlines of History, fcp. 8vo 88.6d. 

Maunder's Historical Treasury, fq;>. 8vo lOs. 

Anthony's Footsteps to Modem History, fcp. 8vo 5s. 6d. 

Anthony's Footsteps to the History of France, fcp. 8vo 8s. 

The Stepping-stone to French History, by a Teacher, 18mo. Is. 

Crowe's History of France. 8vo Vol. 1. 1 4s. ; Vol. II. 15s. 

Mangnall's Historical and Miscellaneous Questions, 12mo. 4s. 6d. 

Comer's Questions on the History of Europe, 12mo. Ss. 

Sir J. Stephen's Lectures on the History of France, 2 vols. 8vo 24b. 

Sewell's Ancient History of Egypt, Assyria, and Babylonia, fcp. 8vo 6s. 

The Stepping-stone to Grecian History, laoBio 1b. 

Archdeacon Browne's History of Greece, Iftno 9d. 

SeweU's First History of Greece, fcp. 8vo 8s. 6d. 

dough's Greek History, in Lives from Plutarch, fcp. 8vo 6b. 

Cox's Tale of the Great Persian War, from Herodotus, fcp. 8vo 7s. 6d. 

Schmitz's (Dr. L.) School History of Greece, I2mo 7s. 6d. 

Thirlwall's (Bishop) History of Greece, in 8 vols. fcp. 8vo. or 8 vols. 8vo 60b. 

Amold' 8 Manual of English Literature, post 8vo lOs. 6d. 

Parkhurst's Stepplng-Stone to Roman History, 18mo 1b. 

Mnre's Critical Language and Literature of Ancient Greece, 5 vols. 8vo 69b. 

Merivale's Fall of the Roman Republic, 12mo 7s. 6d. 

„ History of the Romans, imder the Empire, 7 vols. 8vo. 1066. 

Archdeacon Browne's History of Rome, 18mo 9d. 

Sewell's Child's First History of Rome, fcp. 8vo 28.6d. 

Civil Law and Folitical Science, 

Humphreys's Manual of Political Science, fop. 8vo SB.6d. 

Marcet's Rich and Poor, or Political Ecoiunny fur Young Persons, ISmo. .... Is. 

M Willy's Holidays : Conversations on Forms of Govornment, 18mo. . . 28. 

„ ConversationB on P<riJtloal Economy, fq;>. 8vo. 78.6d. 

Twiss'sLawofNationsinTimeof Peaoe,8vo 128. 
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Principlei of Teaching^ §rc. 

SUvcnn aiid Hole's Grade Leiton Books, 6 Pasts Neor^rmia* 

; Floyd on Teaching Beading. Writing, and Arithmetic, 8vo. Xa.6d. 

Tate's Philosophy of Education, fcp.Svo. OkBd. 

i Tllleard*a iJfe and System of PestaloKsi, 8ro Sa. 

I Ross's Teacher's Manual of Method, fcp.Svo Ss.6d. 

' Robinson's Manual of Method and Organisation JuU r^adf. 

I Gill's Introductory Text-Book to School Management, fep.Sro 8b. 

' Stow's Training System of Education, poet 8vo te. 6d. 

Walford's Handybook of the Civil Service, fcp.8T0 4a.6d. 

Pycrofi's Collegian's Guide, fop. Svo. 6e. 

„ Course of English Reading, fcp. Svo 5e. 

Lake's Book of OhJect Lessons, Iftno ls.((d. 

1 1 oil's Guide to the Three Services, fcp. Svo Ss. 6d. 

Scripture History and Religiouz Works, 

. The stepping-stone to Bible Knowledge, 18mo Is. 

I GIcIk's Sacred History, an Epitome of the Bible, l8mo Ss. 

Riddle's Manual ofthe Whole Scripture History, fcp. Svo. 4b. 

I ,. OutlinesofScriptureHlstory, fcp. Svo 28.6d. 

i Cony bears and Howson's Life and EpisUes of St. Paul, 2 vols, crown Sva 128. 

Home's Introduction to the Scriptures, 4 vols. Svo TSs. 6d. 

Scwcll's Self-Examination before Confirmation, S2mo Is. 6d. 

i „ Readings Preparatory to Confirmation, fcp. Svo 4s. 

I „ Readings for Every Day in Lent, from Jeremy Taylor, fcp. Svo 6a. 

' ,. History ofthe Early Church, fcp. Svo 4s. 6d. 

j Cotton's Instructions in Christianity, 18mo Ss. 6d. 

I „ Short Prajers for the Boys of a I*ublic School, ISmo la. ed. 

, Moseley's (Canon) Astro-Theology, 8rd edition, fcp. Svo 48. ed. 

i 

Mental and Moral Philosophy, 

Morcll's Handbook of Logic, for Schools and Teachers, fcp. Svo 2s. 

I „ Introduction to Mental Philosophy, Svo. [ 128. 

„ Elements of Psychology. Part I. post Svo \ 7s. M. 

FicUte's Contributions to Mental Philosophy, fcp. Svo 5s. 

Thouibon's Outline of the Necessary Laws of Thought, post Svo 5s. 6d. 

The Greek Language. 

Kainier's Elementary Greek Grammar. Svo 7s. 6d. 

Kennedy's Greek Grammar, 12mo 4s! 6d! 

„ Paleestra Musarum, or Greek Verse Materials, 12mo 58. 6d. 

CoUis's Pontes Classici. No. II.Gbbbe, 12mo 8B*.6d*. 

„ Ponticulus Greecus. Exercises to accompany the above, square ISmo. Is.* 

„ Praxis Grseba. in Three Parts, 12mo Usied, 

I Part L Etymol(«j'. 2s. 6d. ; PabtH. Syntax a,, * \ 

„ Chief Rules of Greek Accentuation, Pabt III. of above j^J 

„ Introduction to Greek Iambics, Proxif Jamfriea, 12mo 4s. 6d. 

„ Greek and Latin Irregular Verbs, Svo lg[ 

I Pycroft's Greek Grammar Practice, 12mo S8.6d. 

j Wilkins's Progressive Greek Delectus, l2mo 4s. 

i „ Progressive Greek Anthology, 12mo 6s. 

! Valpy's Elements of Greek Grammar, Svo 68.6d. 

„ Greek Delectus, by Rev. J. T. White, M.A.. 12mo. 4s. i Key 2s. 6d. 
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Mtjor's Elementary Praxis of Greek CompoBition, 12mo 2s. Cd. 

Moody's New Eton Greek Grammar, 12mo 4s. 

Hall's Principal Roots of the Greek Tongue, 12mo 58. 

Yonge's New English-Greek Lexicon, 4to 2l8. 

Liddell and Scott's Smaller Greek Lexicon, ninth edition, aqoare ISmo 78. 6d. 

,. „ Larger Greek Lexicon, fifth edition, crown 4to Sis. Ctd. 

Bloomfield's Greek Testament, with English Notes, 2 vols. 8vo 486. 

„ Critical Annotations on the New Testament, 8vo Ito. 

•, C!ollege and School Greek Testament, fop. 8vo 78. 6d. 

,t College and School Lexicon to Greek Testament, fcp. 8vo 7s. 6d. 

Ltnwood's Tragedies of Sophocles, with brief Latin Notes, 8vo 16s. 

Brasse. Burgee, and Valpy's Flays of Sophocles, each 5s. 

Major's Edition of Enrlpides, post 8vo 2is. 

The Five Flays of Enrlpides may be had teparateljft price 5s. each. 

Hickle's Xenophon's Memorabilia of Socrates, post 8vo 88. 6d. 

White's Xenophon's Expedition of C3nra8,12mo 7s. 6d. 

The LcUin Language. 

White and Riddle's New Latin-English Dictionary, royal 8vo 428. 

Riddle's Copious and Critical Latin-English Lexicon, 4to Sis. 6d. 

„ Latin-English and English-Latin Dictionary, 8vo 21s. 

Separately— EngUsh-Latln Dictionary, 7s. ; Latin-English Dictionary, 158. 

„ Young Schohur's Lat.-Eng. and Eng.-Lat. Dictionary, square 12mo.. . 10s. 6d. 

Separately— Latin-English Dictionary, Cte. ; English* Latin Dictionary, 6s. 

„ Diamond Latin-English Dictionary, royid 32mo 4s. 

Riddle and Arnold's EngUsh-Latln Lexicon, 8vo 25s. 

„ „ abridged for Schools, by Rev. J. C. Ebden, sq.post8vo.l08. 6d. 

Kennedy's Elementary Grammar of the Latm Language, 12mo 8s. 6d. 

„ Child's Laitln Primer, 12mo 2s. 

„ liatln Vocabulary, 12mo 8s. 

„ First Latin Readhig-Book, or Tyrodnium, 12mo 28. 

„ Second Latin Readlng^Book, or Palffistra, 12mo gg. 

„ Materials for Translation into Latin Pro«e. 12mo es. 

Examples of Latin Prose Style, 12mo. 4s. 6d.; Key 7s.6d. 

Miller's Elementary Latin Grammar, 12mo Ju$t ready, 

Moody's New Eton Latin Grammar, 12mo 2s. 6d.* 

,. Latin Accidence, separately firom the above Is. 

Hamilton's Analytical Latin Grammar, post 8vo 3s. 6d. 

Pycroft's Latin Grammar Practice, 12mo 2s. 6d! 

Collls's Pontes Classld. No. 1. LiTnr. 12mo 8s.6d. 

„ PonticulusLatlnus,Tran8latlonExerci8e8toaccompanyabove,8q.l2mo. Is. 

„ Praxis Latlna. Two Parts, 12mo •-•••;•,• ; 6s. 6d. 

Pabt I. for Beginners, 28. 6d.; Pabt II. for Advanced Students, 8s. 

„ ChlefTenses of the Latin Irregular Verbs, 8vo ig. 

HaU's Principal Roots and Derivatives of the Latin Language, 12mo. 4s. 6d. 

Zumpt's Larger Latin Grammar, translated by Dr. L. Schmitz, F.R.S.E., 8vo. 148. 

Bradley's Latin Prose Exercises, 12mo. Ss. 6d. ; Key 58. 

„ Lessons In Continuous Latin Proee- Writing 

Wlikins's Elementary Latin Proee Exercises, 12mo. 48. 6d. ; Kby 58. 

„ Latin Anthol(^nr. for the Junior Forms Nearly ready, 

„ Notes on Latin Lyrics, 12mo 4s. 6d. 

Major's Passages firom the Spectator, for Translation into Latin, 12mo Ss. 6d. 

Hiley's Elements of Latin Grammar, 12mo Ss. 

„ Progressive Exercises on Latin Grammar. 12mo <. Is. 6d. 

Valpy's Elements of Latin Grammar, 12mo 28. 6d. 

„ LaUn Delectus, by the Rev. J. T. White, M JL, 12mo. 28. 6d. • Key. ... Ss. 6d. 
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White's Progressive Latin Reader, Iftoao 8t.«L 

Johns's Eton Latin Verse Book, JDtfctor in J72e^ia«, 18mo Ss.td. 

Rapier's Introdaction to Latin Verse, by Rev. T. K. Arnold, limo. 88.6d. ; Ktgr, Ss. 6d. i 
Walford's ProgreBsive Exercises in Latin Elegiac Vexie. Fzbsx and 8xoon> 

Sbbixs, 12mo. 28. 6d. each ; Key to Fir$t SeriM Ss. i 

Tonge's New Latin Gradus. post 8vo. Os. ; wiiiiAppendix ISa. ' 

Yonge's Dictionary of Latin Epithets, post 8vo S8.6d. i 

White's Latin Grammar, complete. ISmo 2a.6d. I 

Separately—Acoidenoe. Is. ; Eton Gnonmar, Is. 9d. ; Seoood Grammar, Is. 6d. | 

„ Latin Suffixes, post 8vo. 5a. | 

Yonge's Horace. ISmo 6s.6d. I 

Part I. Odes and Epodes. 12mo. 8s. ; Past II. Satiraa and Bpiatias. . . 8a. 6d. | 

Girdlestone and Osborne's Horace. ISmo 7B.6d. 

Valpy's Ovid and Tibollos. the Selection used at Eton, Umo 4s. 6d. ■ 

Kennedy's Edition of Virgil, with English Notes. 12mo Jmt rwdtf. 

PycToft's Virgil's ^neid, Bnoolics. and Geoi^cs, 12mo 7s. ed. < 

.. Virgil, with Marginal References only S8.6d. 

Bradley's Troy Taken ; or Book II. of VirgU's iBneid. English Notes, fcp. 8to. 2s. 6d. : 

., Cornelius Nepos. with English Notes, 12mo Ss.Sd. I 

„ First Seven Books ofEutropius. with English Notes, ISmo 8a. 6d. | 

., Select Fables from PhsdruB. with English Notes, 12mo 28. 6d. | 

., SelecUons from Ovid's Metamorphoses, ISmo 48.6d. 

Valpy's Virgil, with English Notes, ISmo. Ts. 6d. ; without Notes Sa. 6d. 

Hickie's First Five Books of Livy. with English Notes, post 8to Ss.ed. | 

White's Germania and Agricola of Tacitus. 18mo 48.6d. 1 

White's Cicero's Cato Mi^Jor and Lelius, with English Notes, 12mo 8b. 6d. 

TAe French Langimge* 

Collis's Tirocinium Gallicum, or French Grammar for Classical SoiioQla, 18mo. Ss. 6d. i 
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Stidvenard's Lectures Franoaises. from Modem French Authors, 18mo. 48. 6d« 

Sadler's Stepping-Stone to French Pronunciation and Conversation, Iftao. ... Is. 
Contanseau's Practical Dictionary. French and English, post 8vo lOs. 6d. 

,. Pocket Dictkmary, French & English Languages, Bq.lSmo 5b. 

„ First Step in French „ 28. 6d. 

„ French Grammar, with Exercises and Notes „.„.... 4b. 

„ Guide to French Translation. Ss.ad.; Key 88.6d. 

,, Prosateurs et Pontes Fron^ais 68. 6d. 

„ Precis de la Litt^rature FraiiQaise 5a. 

„ Abr^gd del'Histoire de France 58.6d. 

Albitds' How to Speak French, or French and France, fop. 8vo'. 5s. 6d. 

Tyrel's Grammar of Household Words. 12mo 48. 6d. 

Sewell's (Miss) Contes Fadles. from Modem French Writers, crowuSvo. Ss. 6d. 

,. Extraits Choisis des Auteurs Moderaes, crown 8vo 58. 

Hamel's French Grammar and Exercises, by Lambert. 18mo. Sa. 6d. : Keif 48. 

German^ Italian^ and Hebrew, 

Wintzer's First German Book for Beginners, fcp. 8vo 88. 6d. 

Just's New German Reading-Book. ISmo 3s. 6d. 

Blackley and Friedl&nder's Practical German Dictionary NwHn rwdg, 

Tyrel's Grammar of Household Words. German and EngUsh. ISmo. 4s. 8d. 

,. Grammar of Household Words. EngUsh. German. French. Italian 10s. 6d. 

! Lacaita's Selections from Italian Writers in Prose and Poetry, 18mo 58. 

I Kalisch's Hebrew Gnunmar, with Exercises, in 2 Pasts, 8vo. each 12b. 6d. 

I 
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LAURIE'S ENTERTAINING LIBRARY. 



In coBTHfi Df publtcAtiort, in Quarterly YoloiDei, ttom Janniry ISfiSp eiflfa 

volmiie in Kt^nare liDici, with Six fu\\'ptit(t tWrnintma^, 

price Uni* Shillihs- dotti,or Ninepeace i«wed, 

THE 

SHILLING ENTERTAINING LIBRARY, 

Adaptdi to tlio re^jtUrementB of Sctoal libmnes, Families, and 
Workinf Men. 

By J, S. LAUEIE, 

Editor df the Graduated ^eriet of Residing -LtMton Bookt, ^c. 

Thu First Three VolumcA iife now ready, vi«* 

ROBIHaON GRUSO&. | QUI«IiIV£B'S TRAV£I*S. 

CHHIBTIWIAS TAI.BB, 



The object of tJie Ektrrtainino 
LraniBT !■ to pro^it^E' ih« jDnnf? and, 
^inerally Bpfiskuig, tho Icis ediicnted 
portion of the cominunitj' with books 
which they will find tmdtibU. Muny 
^[tnlUp project s have been starU'd, and 
liave fa! led. TTie ProprteLoTs "f thff pre- 
eent LTUBJ,EybeU&VQ tbM thosQ faiJure* 
are bo bs mcribad to a fnndameTital d£fli' 
ciEiJcy which, with propsr attftiitlan aiid 
care, may be fully BUutilied. 

In «titfertAkln^?i of tjiln kind i<xi little 
HUawance haa b«on omdEh fur what may 
slcaoit be temiEKl the repubireneii of a 
book to the untutoreiH mliid. OhiEdr^n 
fre^d from irkftoma Wikh, und wrtrklnyr 
nun w«ftiied irlth a hard day's UiHt can- 
not po^ibly be Induced to read matU they 
And vmi what » w&^th of ontGrtaJmnun^ 
11 DDHcealed under the hard, ungrncefLi] 
fonui of tJpo3¥rapby, Nothltie appeari 
mote oertain than thut tht^jr witl n^it r^ad 
at all, tinleta matariRla are placed before 
th«in which are ealeulated to aronse their 
tnt«re»t and eni:;hain their attention. 

The proctleal problem to be solved 
wcHild uem to b« to fhrnlBh a iieleetion of 
WDfke whic^h will appeal to that dcmlnaot 
principle In ihe htiinun br^^aHt^ tJit love of 
pleasnre. The aim of the Editor of the 
ENrBBf ii»iN& LiBni.MY Is to provide aTi 
Atople and railed repaet for the gf atjficft< 
tion of tbiB instinct. The canoentmtioii 



ofhis*abm upon thli tiinsrle point wUl 
piva tha preient ierlei of |}ooks '" "" 
{.IneUvecnanicter. 



\ its dis-^ 



A i^lancc at tht eourccs upon which 
be hn AireAdy drawn wlll^ it is believed* 
cniiTince those who Jire acqaalnted with 
English Utemturo,, that eui^i voliuueifl as 
tlie EsiTTJi^i^AiNisro LiHni.air promlsoa 
(o rantaln will ntitv^sarllx tend to eulatifl 
I the intellectual views, and to direct and 
I Btren^heii the nioml Detttiwenti of STeir 
readier. But the prime «?nd kept In v!ew 
win be to idford, lu a wide nnd libsral 
riense, pleasure and ainusemflnt; and to 
this end whatever bears more directly 
upon the practical utUltles of llfti will in^ 
Tartahly be held iubci^inate. 

It is proper to ititu tlist the ^{Utor aa- 
Biimes the right i>f adapting theori(dnia 
text fia aa to itiit his pur|)ose« liramina* 
tIcilL Donstructlrjns which are too involved 
and difficult will be siinplifled \ modem 
wards and idiom n will be sybstituted for 
iuch ae have bewme obsolete or nearbr ob- 
flolate i Find in nil tasea pasijUL^* whiet ui 
unsuitable to the younj; will be expunged. 

Care will he taken to adorn encb of thfi 
volumes with s number of striking? Ulov- 
tTatioiifiH The lUuBtratlonB to the three 
volumes now ready are drawn by Mr, 
Bandercock, a risin^'^ artlit, whue« merit 
ha« been scknowlsdfed by competeiit 
Jtidger . 

Special aUciitlon will lie paid to tho i 
binding of the volume. They will lie pfc- 
pafed for being well tlmmbed. The tyWi , 
also. Ui wbieb they will be printed w*" *» 
nf the cieftrest and dlitlncteit kind ^^^^ 1 
can be procnred. 



Volumes prepaHnfffot PuhHemitoti Quarttrt^^ uniform trith the abo»e tHre^A 
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